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ON THE FAILURE OF LEBESGUE’S CRITERION FOR THE 
SUMMABILITY (C1) oF THE FOURIER SERIES OF A 
FUNGTION AT A POINT WHERE THE BUNCTION > 
2 . HAS-A DISCONTINUITY OF THE SECOND 
KIND. š 


ME is : . . BY. 
GANRSH PRASAD . 
(University of "Üalcutta) 


The object of the present paper is to formulate & definite answer to 
the question: Does Professor Lebesgue's criterion for the summability 
(C1) of tke Fourier series оға function (а) enable us to settle the 
„question of summábility a£ в poe for where f (в) has a фарш у of 
the sadoni kind,sothab ^ - Жз 


f( Bf, —%)=оов ф (t) oF x фор, a 


x @) ana y (2) being both monotone funotions which tend to infinity 
as ¿tends toO Р The answer to the question is ш. is, *that Lebesgue's orite- 
rion is not satisfied in any case in which the serées is summable (01). 


The P of the differentiability of e 


F()s | | flog +28) +f lw — 25) | di 
о“ b Worm 


at 20 is taken up first, and it i&)proved that, in every case in which 


Р, (5) | fecisse E 


is differentiable, F'(0) exists and is different from zero. It is next 


È ò 


„pointed ont what pxactly Lebesgue's.criterion js. Then І state that, aa 


5 М 3 С 
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shown in my previous papers, whenever the Fourier series is summable 
(Cl) at ғ, the sum їз zero. The failure of Lebesgue's oriterion 
follows at once from the two results stated above. 

It is believed that the question considered in this paper has not been 
considered by any previous writer, 


$1 
Onse: f (m, -21) Ас —2£) -o08 y (t) - 
When F', (0) exists, F'(0) existe and is different from: zero. 


Proof :— | 
It has been proved by me in a previous communicatione that E", (0) 


is non-existent when 
. 


71 
. y(t)a, log а 3 рой 
and that E", (0) exists when 
Kt Wa toy e IN 1 
ToS gue ‹ Y(t) > loge f 


"os 4: 


77 Tt is obvious that F'(0) is non-existent when E", (0) is non-existent. 
Therefore we need consider, for the purpose of the proof, only the case 
in which | Zt 


e 
L 
. Y (t) >< log BU 
ae c М 
` Now let è, denote agjuantity such that А 
ола es e і 


Y(t, )=rr-+3, T being в positive integer ; 
Д " $ . 


also let 
, t ШЕ<%,-,. 
Then = ў , 
Ф s в 
қоз) | cosp(t) | dtes (— 1)! {| cos y(t) dt— 
0 tr И 
ғ Ғалы 7 КС 
| cos y (#)dt+ | сов № (#) ы 


+, bras 


2 , «90р the fundamentalstheorem of the Integral Calculus" (This Bulletin, Vol. 16) | 


ЫЫ Сш 
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КЕКЕ 
10) 07 (Zp) ер 
P^ ((3 ain Pad) sin y dr —.. to infinity ] 


=(—)rsin_¥(s) о eos 1 1 . : 
So Қы 1G vag e] 


-| (2) [шуй (А) 
But | 
VG) logi. 
Therefore a 7 i 
о oad, 
end, consequently, “ы 


—€— 
. Vs) 


т 


Hence the parts, contributed to 29) by the first and thirds parta of 
s 


(A), both tend to 0 with s. Therefore 
. Fis) р qe 1 TON 
F'(0)m Lim E= —9Lim + [.. +... to infinit ; 
( ) s=0 8 Я sal) s {усу +029 І ity | 


^: a) Oase: ф => А 
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According to a result due to Abel*, 
the series 


P(r)e$(7)--é(r--1)--d(r--2)-... to infinity 


oo 


-| коан | op 0020004, 
T 0 


if (z) and fes vanish for 2— oo. M . 


` Now, in the present case, 
ER Mm 
- 0-730 (o mU (red) — 


Therefore the conditions ofjAbel’s theorem are satisfied. Further, 


— d 


1 1 1 e 
2i етін (r+4—1t)? j Core ini 


‘where 6 is areal angle. Therefore 


а (rif) —d(r—d) dick 
* et] : 2x (rp! 
0 
e [| - 


where К is numericallygess than a finite quantity independent of r. 


Thus R 
LA 2% 
59-3 (сір "енін р 


where K, is numerically less than a finite quantity independent of 7. | 
Therefore 
"Foil. E | 
Е(0)-:-% Lim f + жаз 


t. - 
т? scot б эт ( 





* Bee his paper, ‘‘L’integrale finie 2" ф (2) (exprimée par one integrale definie 
simple” (Osuores, t. 1, pp. 34-39, specially p. 88). 
е 
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But s lies between 2, and #,_,. Therefore 


Lo(netj— Es, E 


where 0<Е<І1. 
'T'herefore* 
р(0)= 2. 
T 
t . € 1 
(5) Oase : . y) 


Proceeding as in the case in (a), we find 





1 1 1 
t,x 3 o(r)=— “ғ.” wii 
E (r4-3)5 mm = (r-- 7 





1 5 29 K 
P M rct : ET , 
o=- дні (rp curl 


T 


* This result can be proved as follows without using Abel's theorem :— 
e 
The sum of the series Ts a 


1 1 . А е 
Gap + [mu ro infinity T 


1 NUS 
Ней between тш and Uy вв the general term lies between n 








~=- А T о: 1 
ОТ ы-у, Lm aus өсі аі,” 
(n 25) (езі) (rn EE) n 


‘Therefore P(r) behaves as — жа эвт tends to infinity. 


noe Fo tends to 2. 
т 
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where K, is numerically less than a finite quantity independent of.». 


Thus (у=. ~ + 


LE 
(с) Оше: д=( (log :) ET 
Proceeding as in the preceding cases, we find 


Е .ni 
£st ОРЫ ФӨш- 1 eT 
0 CBE ЫЫ, 
руы lat epe? [ue], 
g (Gr) 


where K, is numerically less than a finite quantity independent of ғ. 


Thus "^^ "w(oa, : 
+ Ды қ T 
m. 
(4) Оазе 1 . y=", т> 0, »»0Q0 
. t 
Proceeding as in the Tueceding cases, we find 
. 








t, ES із Ей 
{ log (=+ 3 P" 
ы Э "+1 U | 
Lom 1 si 
) - у: = | "m (reed log (+3 ) m 
ыы mM EN fascist] 
P(r) | mur Гато жүрт + езеді) 


FAILURE or -LEBESGDR?s, OBITERION т 


wher K, is тишеге less than, а finite quantity. xp жес of r. 


rae it 


Thus ое? Ие 


Generally, it can be shown that, when wu) P log 2, Е 


PN exinta but РЕТ а ere different from 0. 


$2, , 
бае ~ fis tt) fers Sm (0) оов S 0: 0c o 
When F',(0) exists, E'(0) exists and is different from zero. 


Proof :— ө Tett Ў 
It has been proved by me in а paper, to be pitblished soon, that 
i r с 
Е", (0) exists only-when , ` Y ЫР 7, 


1 (b 
i) > log D and XE - d. RES 
y) > log КО 4, VE 
It is obvious that F'(O) i ін non- -existent. when. F",(0) is non-existent. 


Therefore we need consider for the purpose of the proof only the case 
in which the conditions given above are satisfied by x and y. 


Assuming. for the -sake of simplicity and fixity of ideas, thatex(é) is 
positive, we have, by a procedure similar fo that pu in the beginning 
of 81, 

e, 
е 


=) x(t) 1 eos yt) 1 dt 
0 yes og 
=(—1)" 


с ) sin y(s) 


e eed eese] 





-{ 4 3 [sing [dt o . (BY 


But x(#) - 4. 
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Hence the parts, contributed to Ее) by the first and third parts of 
g 


e 


(B), both tend to 0 with s. Therefore 
n2 =—2 Lim t f де (г. | Шен) p Хз») 7: 
FAO 5 Li —2 Lim — б)? 
\ isis то» Кн) Vie 


+... to Т T 


(a) Case: was, х= д, п> т> 0, m< |. Then 


| | хф) __1 1 
ез И, DE 


Thus in Abel’s theorem, 
1 1 

Фк) = ux 0 

umo 7% NES 








Therefore $(z) and |%(ә)4% vanish for s= and Abel’s- theorem i is 


“ 


<4 


applicable to the presgnt case, ·-, 


Therefore F(z) behaves as 
e 1 


| p(t)de 
J E 
і . 1 ] ы 
1,6. as = 
у a = 


ав т tends to infinity and, consequently, s tends to 0 


Therefore тш) behaves as (r-D*. 


e Pe, ^ 


Therefore 
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(b) Case: #@=( log zy. x= (ов 3 y т-Ғ1 <n. 


Then 
i i fs mate 
іше” ix (+ pD} , овес в” ке + р) {e+} 7^ У 


And Abel’s theorem is applicable, since ¢(#) vanishes for #00 and 


+. ж 
LS behaves as 647272 


for г tending to infinity. ‘Therefore 


т) behaves as 


when r tends to infinity, and consequently, s tends to0. Therefore 
г (0) = оо, 


3 gu 
‘Generally, it can be shown that, when >: t, rO exists and is 
different from zero. ` .” 
. 
e. 


§ 8 . 
Lebesgue’s Oriterton. 


Im order to see if Lebesgue’s criterion can enable us io decide 
whether the Fourier series of a given function f(#) is summable 
(01) аба given point 2%, the criterion may be stated as follows* :— 


If S ів a quantity such that 





\ Ма, +90) -f(e, —2£) - 28 | dt 
0 


* See Schlesinger and Plessner's book, LebesguesohesIntegrale und Fouriersohe 
Reihen (Berlin, 1926), p. 211. С i 
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has в differential co-efficient at s=0 equal to 0, then В is the limit to 
which Cesáro's mean §,(r,) tends as n tends to infinity. ~- > 


The form in which the criterion was originally* given by Lebesgue 
serves best the purpose of showing that the series is summable (Cl) 
almost everywhere; but in thatform the criterion is unanitable for 
testing the summabiliby at a giver point žo, where f(z) has a disconti- 
nuity of the second kind so that really /(ғ) has no definite meaning. 


44. 5 > 


The Fourier series, if summable (Od), has sum zero. . 
(а) When ° 
(а, + 2)+ fleo =2)=008 Y(t), - 


the series is summable (O1) if 


1 
- фо log zzi 


andsin that case the sum is zero. | 


" e ? 1 
This result, whiclf was deducad+ by me with the help of a result of 
жө 
. 


. P 
* According to Prof. Hobson (Bee his Theory of Funotions of a Real Variable, 
Vol. 2, and Edition, p. 561), “ a more general theorem than that of" Feiér '' has 
7 been obtained by Lebesgue. Не has in fact shewn that the Cesáro gum converges to 
Жа) at any point for which ` . 


dt 





: t 
| |+) +760850) 
"0 


А Я 
has в differentia! coefficient equal to zero, at the point ¢=0." 


In the Enoyklopddie der mathematischen Wissenschaften, Bd. ТЇ О 10, p. 1906, 
the same form of the criterion haa been given as by Hobson. 


t^^ 4 тыз Bulletin, Vol.15, pp. 156-158, 


FAILURE ОВ LHBBSGUB'S CRITERION 11 


Professor W,-H. Young, can also be deduced by using soriterion* given 
by Professor G. H. Hardy and Mr. J. E. Littlewood. 


(b) When 
fO, +20) -- f(2, —2£) =x(4) T y(t), 


the series is summable (01) if 


1 


. . xls y loge X n t; 


y 
and in that case the sum is zero. 


This result was alsoededuced t by me with the help of Young's 
result ; the criterion of Hardy and Littlewood does not apply to this 
case. 


55. 
Failure of Lebesgue’s Oriterton. 
Lebesgue’s criterion fails in every case in which 
* (а, +2t) + f(%,—2t)=008 Ұ(0 or x(t) оов y(t). 


For, in such а case 5 is always zero ав shown in 645 and, further, 





5 € 
| f(s, 20) Tf(s,—92:1)—28 |а 
0 


* Bee Proo. L. M. S., Ser. 2, Vol. 17,рр. XIIL-XIV. The criteria is appli- 
cable to bounded funotions only and is this 3 


85th 


ж 1 
3h ft)it —> 8 
%-һ 
when h-—>0, then В is the sum. In the present саве, my result on the differentiabi- 


lity of the integral-function gives the limit of the right side to be 0; hence 8 is 0. 
+ This Bulletin, Vol. 18, pp. 188-184. 
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has always а differential coefficient at z—0 different from zero, as shown 
in §1 and 59. 
The various proofs* of the criterion start with the assumption that 


s 
( [| +24 Tf(e, —2t) —28 | dt 
0 

has a differential cgefficient equal to O at z—0, and then deduce from the 
assumption that S ів the limit to which the mean S,(«,' must tend 
with n tending to infinity. Аз no proof considers explicitly the pos- 
sibility of f(2,+2t)+fie,—2t) having a discontinuity of the second 
kind, the assumption in reality amounts to the exclusion of the possibi- 
lity of such а discontinuity. The proofs, thus, establish the validity 
of the criterion only for the case in which (fie, +2¢)+f(.r9 —2t)} has в 
limit when ¢ tends to 0. 


* See Lebesgue's proof in Math, Ann., Vol. 61, pp. 974-276 ; Hobson. lo. ; 
Schlesinger and Ріеввпег, l.c. 
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ON THE PROOFS OF SOME RESULTS GIVEN BY RAMANUJAN 
ABOUT THE COMPLEX MULTIPLICATION OF ELLIPTIO 
FUNCTIONS 


BY 
S. C. Mitra. 
Introduction. 


1, The object of the present paper is to supply the proofs of two 
results about the complex multiplication of elliptic functions, vig., the 
values of the moduli for the determinants 217 and 141, which the late 
S. Ramanujan* gave without proof, The proofs are based on the me- 
thod of R. Russel.t 


2. Ifthe modular equations of the mth and nth orders be written 
in the form í 





. F,(Q,, w)=0, F,(Q, 0,)—0, 
then . e 

о _ +167 2. 0,165 ү, 

= = ^ 

. т ^ ^ 
Putting *. 
o=} 42: 4 
ө 


we get 
i o—mnt-— 8r —8ms 


+v —[ mn— (mnt —8r—9ms)* e .. (À) 
Modulus corresponding to w= М —917, 

3. Ifin (A) we take 
т--98, n—11, 


* Quarterly Journal of Mathematics, Vol. XLV. 
+ Proc. L. M. S. Series 1, Vol. XXI, 


14 8. 0. MITRA, 
then in order that 
mní—8r —8mas-06, 


we must have 
#=6, 


-The modular equation.of the 11th order сап ђе written in the form 


АЛА УТ —142 AIAX 


Let 
(дауа. 
Then, - : . 
АРА MEN ml out. IN 
ог; Ў ША КА =l + 43 4-40 4-25. 2 ee (А) 
The modular equation of the 23rd order is Ё 
Mike VEN + М ААА =1. -i 
Therefore, І i { ° 
"Ver VIX =1- Vl 
and К è c 
MEE EX =1— S 2i 2e Hee. - 
Henoe, ў : 


КАА me 1— 4/22 41204 —10 4/295 --197* —44/22* 4-26, (B") 


" e 
4. Squaring and adding (A”) and (B"), we have 


(1—44/25- 1225 — 104/25^ 19-4 У0 hot) 


T As? +404 tat) 134-217, 
Putting 


pad 
wc 
piod уз, 


OOMPLEX NMULTIPLIOQATION .OF. ELLIPTIC FUNCTIONS 
the equation becomes 
US a ауе —82y* -116y* — 152y* +.105y3 — 86y +5=0. 
This is equivalent to 


(2y? — 8y* + 9у —2,* + (4*3 — 1)* =0. 


or (y* Вуз + 9y—2, (4g? 1) 0. 
or (о) yr - 50 (6-010. 


The quadràtic factor corresponds to 
. 
ozz6-4- v —Ài7. 
On solving the quadratic equation, we get ` 


y= (7+ /81)—i(5+ 4/81) 
су 


5, We have obtained 
МАА 221 +40" 4-404 pats 
From this we get 


. 


(РА АА) = — 2.08 (243.04 4 2.46 у 
or kit KN == — Мв (24+30%} 20), 
Therefore, 


(Dkk + АМ) = 


Ф 
1 1 
Ара 2k toy 
ES 2 ‚11,292 22 11, 2 
=s-ava( +++ we 
Hence, 


| ( +1. )+( aw ay) 


.=—2 V 2i (Be 11r +2905 +2207 11,9 2:11) 


15 


(O^) 
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vae) (e) (ож) ка eL) Y. 
Noticing that 
1 EN. 
where y has the value obtained above, 


we get after some reduction, 


Hg. 1 
(ғу +h wti) 
= —{(6236 + 1120 4/81)* + (17640-+4+ 3168 4/31)*] 


= — (700066640 + 125735680 4/37. 
Again . 


1 А 
( +) ( 2M Ll. 


(Ce) 
and (XS. + +r) + y 


--а}(и+ D HON 2) ines) ч 


Therefore 


BY 


9 I + 
( UT tomy) (әз à ) 


=2(6236 + 1120 /31)* —2(17640--3168 /31)3 —4 4 


= — (1089036900 + 195596800 v31). 
Therefore, 


2H + 


is & root of the equation 
2* + (700066540 + 125735680 4/31)s 
— (1089036900 + 195596800 /31) =0, 


COMPLEX MULTIPLISATION OF ELLIPTIC FUNCTIONS 
6. Now in this case 


VE =ф(6+ „917 5. 


Bri 


=e фм). 


1 у=ф*( 217) ( м 817) . 
then s= —y. | | 
The equation becomes За Іш 
| y’ —1700066640 + 125735680 /31]y 
— (1089098900 + 195596800 V3] } =0. 
Bolving, we have | 


y= ы ty 


=140{2500288 + 449056 4/31) 


+1047 {850066647847 
i + 62873825297792 УЯТ}? 
whence it is лош that ҒЫ r 38 
Au zi 
(ake) 4. ——. е 
(3k) ы 


(1748 SD 7 (7+ VBL) 
ee 
Ramanujan has given, without proof, the result in the form 


crue fv CH) e EEA} 


M f v (12457) «v (828573, 
where : 


1 
б.а г. 
"" (aui 


17 


(1) 
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Forming (G,,,)* “а 





ӨТ 


Modulus corresponding фо w= VET : 


, we e find it to o aga 6 the MEM side of а) 


7. In this case we combine the modular equation м of the 3ra order 


with that of the 47th order. 
The modular equation of the 8rd aiden 4 is 


VEX EN =l. 
Putting TE^ -. 


2-20 (AAWA) Y =a 


we have 


KAHIN —1-—2*, 


(AH VA) 1 ARAN — (KA А) Be 
or, kA+#N = М. 


ог, e МТА + КС =(V7 208 +28). 
» $ 


ог, „Ла A (oae -— 2 " 


The modular eqtiation of the 47th order is 


P:—4Q—P(48)* —2(4В)ї=0 

where А f | UNS 
Peg te let yt 1 
фе = қуды жедік әлеу. 


g? 2n 


ex 
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Substituting in the above modular equation, we have . eee 
(Bat кеу (ме Aat + Ba 1) - 
(+ So (Bar pane i] 
After some reduction, we get 7 
(3206928 12a! 4-8 Vist Ga 92041)" | 
= (x° + м9) {82° +40 // 325 + 148.04 +128 2% 


-- 1192* +24 09:4}, 


or, (213 1) 4 а) (219 4-3) $26 VI (0? а") 


—19(a* --2*) — 184 / B(o! +28) —4282* —0, 


Putting . 


we have 


(007 Ay? — 16y* —20y* --92y* --18y* —282y —207 —0, , 
which breaks up into the factors = o ° 
(2y* —6y —9) (2y* —2y* —7y y 16y 423) —0. 
The quadratic factor corresponds to ez УІІ, 
One root of the quadratic equation is 





2 0 84849 7 — - Ow 
е | yt 
^^^! Mherefore, | 
1 834843 
1 (гт { [ + = 78 А 


(34348). (1449 м3) 
e Ев 





19 


„зат 4948) 


'8) 144-9 v3). 
©, 


)1 (8491 -- 8016 4/3) 
3491 +2016 м3) 
9 м8)(14+9 /3)* 


—8.(3491+2016/3)1). — ... (1) 
shout proof, in the form. 


ey 
2 
23). v (10292) bs 


1 ym . 
и)" 
ocal of the right side of (2) equals 


)r, G. Prasad, D.Sc., who kindly 
ok great interest in the preparation 


, No. 1. 


TCU 40 


42 . 


ON A GENERALIZATION OF LAGRANGE’ 8 INVERSION FORMULA 


BY 7 


NRIPBNDRANATH @новн 


220 


(Caloutta University)” 


1, The object of this paper is simply to generalize the well-known 
inversion formula of Lagrgnge. The method adopted is the same as 
that used by Hermite in obtaining Lagrange’s formula. The impor- 
tance of the present formula lies in the readiness with which it can be 
applied to solve equations, algebraic or transcendental, by means of 
infinite series. It is believed that this generalization is new. А generali- 

. sation, arrived at, by & different process, has been given by M. Kössler 
in the Proceedings of the London Mathematical Sociéty, series 2, ‘Vol. 20. 
He has built up step by step the general formula proposed by him. ` 

2. Let f(z) and $(s) be two functions analytic in a certain 
region D containing a point а.” Let С be a circle with the centre а and 
radius r lying entirely in the region D, and such that within it the 
equation ф(2) —8-z0 has a single root ж-ға. Buppose that a variable 
parameter a is so determined that along the entire ! ctroumference of the 
circle C, | af (33 | < 1Ф(:)—8 |. Then the eqeation F(s)=4(z)—B— 
a f (:) =0 has only one root within the curve Q.* Let 2 denote this 
particular root and let т (2) be an analytic function in this circle C. 


The function ion 10) has now a single pole in the interior of О, at the 


е 
point smé and the барғандай residue is T We, then, have 


ға 
v(£) NN as) 4 Mn (2d: 
Ға т 5 ға) 4 COO; —af(s)’ 


where we replace В by ¢ (а). 


* Goursat “ Mathematical Analysis," Vol. П, Part 1, Art. 49, Note, 
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Developing the integral on the right in powers of a, we find 


т =H, +H, fat, +... $0°H, + Bay, 


where 


+ 





1 z(z)dz 
Но шы ЖАЛЫ. ыы 
i zn "ORON | 


SN es (с) 
i 1? ж(а) of(s) сз 
В, > bre au uk y a ar y a Е AR d d . 
“зш |. 90) (а) ај) ` i49-$0) 4 © 
. The integrals H,, H,, H,......H, being evaluated can be expressed 
in the form р . 
Š H = , 
. "m 1 
T 


"uol( lo ү «(қар | ~ 
hc ( %(а) %) $(a ` 


The integral &,4, approaches zero as n increases indefinitely. 
Hence we obtain the following development in series: 


Ра 


со 


e (É _ (a) ‚= a (1 d Y =(а){а)}" 
F() (a) KAE (2 &) Ф (a) ` 


If we take m(e)=¢(z){¢'{(:-)—af{e)}, where y(s) is an analytice 
function in the circle О, then the above gives the development of w(£) 
іп а convergent series 2 


-жаза = (L 4 yf 
Коа) S (gaz) LEO nm 


which is my géneralization оў Lagrange's formula. 


ON A QENBBALIZATION Of LAGRANGR'S INVERSION FORMULA 28: 


If s—a happens to be a double root of the equation ф(+)—Д=0,, 
then ф(а)--0 and the above formula ceases to be applicable. 

3. This special case requires & separate treatment. We observe 
that the equation F(z)=¢(s)—f—af(z)=0 has now в pair of roots 
within the curve О. Jet ё, and ё, denote these roots and let x(z), as 
before, be an analytic function in the circle C. We have then 


, which, as before, becomes 





I 426) = xj ^5 
. t (ё) = 
ан аана ае 


. 
The integrals H,, Н,,... ..H, are now to be evaluated as follows: 
As ф(а)--0, we may write ` 
Фа)-Ф(а)--(г--а)" %,(4), where $,(z) denotes 


4%44..шт» 


Фа +(2—а) fo + (2-а)? #0 + 


nnd Әр C 


“ = 1 diti f(s[f 
ESI CERE d;*"*i ( Ф, (s) 4) i 


where in each we replace z by a after performing the indicated differen- 
tiations. 


The integral R,,, approaches zero as before, 


Putting then т(г)-еұ(2)19(2)-а/(е)) we obtain the development of 
V(£,) -V(£,) ina convergent series}of the form 


Po Piat Pyat to Paat te з бөз «« (II) 


24. : ^ N, N. GHOSH • 
wheré 


2 ae) “= 


21. atts ТОО ОУ, 
Р, = a 
ту ien (Чы ) 
geeei (tereti ӘН» 
- EN. dart: ERE 


The case when za is a multiple root of the equation ф 
may be treated in the mmo manner. T 


4, Тһе application of the above formulae to the solution 
tions is obvious. Given any equation, we can express it in th 


F()-4()- B—«f()-0 


in a variety of ways, and ina — example itis not di 
choose the suitable forms in conformity with the conditions o 
gence indicated above. In the actual numerical computation 
the nfere knowledge of convergence is, however, not sufficient 
contrivance is needed to obtain rapidly convergent serios. 

My best thanks are dao to Prof. Ganesh Prose for his kin 
and encouragement. b 
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ON THE FAILURE OF LEBESGUR’S CRITERION FOR THR 
SUMMABILITY (C2) OF THE FOURIER SERIES 
OF A FUNCTION АТ A POINT WHERE 
THE FUNCTION HAS A OERTAIN 
ТҮРЕ OF DISCONTINUITY OF 
THE SECOND KIND ° 


BY 
GANESH PRABAD 
* (Uftivereity of Calcutta.) 


The object of the present paper is to formulate a definite answer 
to the question: Does Professor Lebesgue's criterion* for the sum- 
mability (C2) of the Fourier series of a function Қа) enable us to 
settle the question of summability at a point ғо in every case in which 
Ж) has a discontinuity of the second kind at ғ, P I show that the 
answer is in the negative ; by giving a class of functions each of which 
has a certain type of infinite discontinuity of the second kind, and for 
each of which the series is summable (C2) although  Lebesgue's 
criterion*is not satisfied. 4 

It is believed that the aforesaid question has pot” been considered 
by any previous writer. "Аы 

е 


Throughout this paper, е 


8 = the sum (О 2), е 
Фа “Ко +22) +=, —2t)—28, 


t 
a= | ТАРА 
0 
It may be noted that, Lebesgue’s criterion for the summability 
(C 2) to S at w, is that Ф(0) should be zero. 
* Math. Ann., Bd. 01, 1905, pp. 278-279. 
4 
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1. Itis well-known that Fejér's mean 


8.(-.)ы 897-8, +... 8,1 : 
п 


` 


where 


4 : 
в (2) вафа, + 5 (a, cosre+b, sin rz), 
1 


behaves for large values of n as 


B (EE) Gris во f, — nya, 


0 


where а > 0 is independent of n;but as small as we choose. 


Therefore 


e, (29) 8B. (6) —8 


behaves as 
* 


к 
„| еу» 
* à 


But, integrating by"parts, 





( ( on ni ) «өше (S5) at) 
0 


f) (sinnt \* Ф(0) sin Qnt 
+f S9. (sont) а | Б за энш, 
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Assume that 
Ф(2)--і(8) сов у (8), 


where x and y аге monotone and unbounded in the neighbourhood of 
t=0 and 


г 
х@) ~ = 


Thus, neglecting terms which vanish with ES 


72229 
" n 


“а-а 


. 





^ y'en Ea 


tx | х eos у). (SEH a 
0 


a x(t) cos y (¢). 22 Ptas, m (A) 
0 
9. Consider 
е Sa O +... Fo. 
n ^ РА è е 


and let the parts of X due to the three terms of (A) be respectively 
Б е 
X, 3 and X". Then, obviously 2 tends to with i, as 


(mme ЛЫС) tends to 0; 
. nr a 


also* X' tends to O with 2, if 8—0 and 


ўч [A .. (D 


* See my paper, “ On the summability (О 1) of the Legendre series of a function 
at в point where the function has в discontinuity of the second kind," (This 
Bulletin, Vol. 18, pp. 188-184). I take this opportunity to state that on page 179 
of thet paper an error hes crept іп which will be corrected later in another paper. 
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Thus the behaviour of = depends on that of >”. But 


>” behaves as 
а 


а 
E | ХӨ cos q(). а аш ftro sin Aei ay 


t 
0 
Ф 
Б . 
t.8., а8 -l | x(t) cos y(t). sin (n+1)¢ sin nt dt, 
um i gin Ё 
0 


a Е 
4 1 . 1 i з 
2.6.) BS — 2 X(£) cos ү 3). (55) dt, 
5 А 


which tends to 0 if (1) is satisfied. 


"Therefore it is proved that, even if Ф'(0) is not existent, the Fourier 
series of f(z) is summable (C 2) to 0 at 2, provided that 


Ф(2) —tx(t) cos Y(t) 


ша” pt pr t. 
; Beamples $5 ., 
à) xe (wd Y^" e (uel. 
(2) x= (vei y y=(log 2 F3 P. Ñ | 
e 


where т> 0, k»m. 


(8) х= E yaa where т> 0, k »m.m-k«l. 
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PARALLAX IN HINDU ASTRONOMY. 
BY 
SUKUMAR RANJAN Das 


(Read on the 28th September, 1927) 

. * At the change of the Moon,” says Bhāskara in his Siddhanta Stro- 
тати, “1% often so happens that an observer, placed at the centre of 
the earth, would find the sun, when far from the zenith, obscured by 
the intervening body of the moon; whilst another observer on the sur- 
face of the earth will not, at the same time, find him to be so obscured 
as the Moon will appear to him to be depressed from the line of vision 
extending from his eye to the Sun. Hence arises the necessity for the 
correction of parallax in celestial longitude and latitude in solar 
eclipses, in consequence of the difference of the distance of the sun and 
the moon. When the sun and the moon are in opposition, the earth’s 
shadow envelopes the moon in darkness, its eclipse is seen equally by 
everyone on the earth’s surface, and as the earth’s shadow and the 
moon which enters ib are at the same distance from the earth, there 
is, therefere, no call for the correction of the parallaxin a lunar 
eclipse.” * А ы 

The above extracts clearly indicate what paralfat in longitude and 
latitude means and explains its importance ie calculating eclipses. 
Hence the Hindu astronomers who were вк іп calculating eclipses 
must have been struck with this phenomenon for the solution of which 
they engaged their attention from the very early times. It is, therefore, 
no wonder why Bhaskara included it in the list of the principal pro- 
blems to be tackled with in a comprehensive study of the astronomical 

: sciente. t e 


: It is strange that most of the Hindu astronomers made no mention 
of this phenomenon. .Árysbhsta who lived in the fifth century A.D. 
did not pay any attention to 16, nor did Lalla (sixth century A.D.) and 
Brahmagupta (born 598 A.D.) deal with this problem. But it is 
not true, as Mr. G. R. Kaye puts it, that in the works of the earlier 


* Siddhanta Siromant, В. D. Baatri's edition, Gol&dhyüya, Chap, VIII, verses 


8 and 4. 
f Siddhanta Siromans, B.D, Bastri's edition, Gol&dhy&ya, Ohap 11, verse 9, 


ws | 
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period of astronomy there is no reference to parallax.* Varühamihire, а 
contemporary of Lalla and almost of Aryabhata, dealt with parallax at 
a considerable length in his  Pafcha-siddhüntikaà under the section 
dealing with old Sürya Siddhanta. Now the old Stirya Siddhanta was 
extant from very early times, probably from the beginning of the 
Christian Era. Varühamihira only compiled that text of old Sirya 
Siddhanta in his Paficha-siddhGntika with no modification of the main 
principles. No doubt, in the later Stirya Siddhaénta the phenomenon 
of parallax was dealé with more thoroughly and exhaustively, but the 
main principles were the same in both. The procedures in the two 
works will be described later on by way of comparison. In our opinion, 
at the time of Varāhamihira the problem of parallax was thoroughly 
solved. 


It is known from modern Astronomy thag the effect of parallax on 
a heavenly body is to depress ib in the heavens. Bhaskara also says, 
©“ Ag the observer situated on the surface of the earth (elevated above 
the centre of the earth by half its diameter), sees the body depressed 
from its place (ав found bya calculation made for the centre of the 
earth). Hence the parallax in longitude is calculated from the radius 
of the earth, as is also the parallax in latitude.”+ This couplet ex- 
plains the effect of parallax and that it is the angle subtended at the 
body by the radius of the earth. Bhaskara has fully discussed the 
cause of parallax and the depression therefrom in the Golathyaya of 
his Biddhanta Siromant. 
Draw upon а moth wall, the sphere of the earth, and the orbits of 
the moon and the sun on the same scale at proportionate distances ; 
next draw a transverse digmeter and also a perpendicular diameter to 
both orbits. Here the &phere of the earth and the orbits of the moon 
and sun are concentric. Let the orbits be cut by a horizontal trans- 
verse diameter at points on the horizon. The point above cut by the 
perpendicular diameter will represent the observer's zenith. Draw one 
line passing through the centre of the earth to the sun’s disc, and 
another ffom the observer on the earth’s surface to the sun’s disc.” 
The minutes contained in the aro, intercepted between these lines give 
the moon’s parallax from the sun. [At the new moon, the sun and the 
moon will always appear by a line drawn from the centre of the earth 
to be in exactly the same place and to have the same longitude: but 
when the moon is observed from the surface of the earth in the drik 
sutra or line of vision, it appears to be depressed, and hence the name 


*^ G. В. Kaye, Ancient Hindu Spherical Astronomy, J.A.8,B., 1919, p. 127. 
+ Siddhanta Siromani, Golàdhy&ya, Ohap. VIII, verse 11. 
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Lambana or depression for parallax. When the new moon happens in 
the zenith, the-line drawn from the earth’s centre will coincide with that 
from its surface, hence a planet has no parallax when in that zenith.]* 


+ Let E be the centre of the earth; О, an observer оп the surface 
of the earth ; ZX and 7/Х” be the vertical circles passing through the 
Moon, М, and the Sun, 8; K and Х” be the points of the horizon cut by 
the vertical circles ZX and Z/X'. Let Z be the zenith iri the Moon's orbit 
and Z' in that of the Sun. Now let HMS be в line drawn from the 
centre of the Earth to the Sun in which the Moonelies at the time of 
cenjunotion and let О8 be the line of vision drawn from the observer to 
the Sun. The distance at which the Moon appears depressed from the 
line of vision in the vertical circles is the Moon’s parallax from the Sun. 


When the Бап reaches the zenith Z’, it is evident that the Moon will 
also then reach Z, and thé line of vision of the observer and the line 
drawn from the centre of the earth will then coincide. There will, 
therefore, be no parallax in the zenith, ře., when the Sun is in the 
meridian, 

Thus the parallax of the Moon from the Вап is equal to the differ- 
ence between the parallaxes of the Sun and the Moon, separately found 
in the vertical circle, The parallax of the Moon from the Sun is aro 
MM'— /M'OM, the parallax of the Sun is OSM and the parallax 
of the moon is ZOME. Hence the difference is / M'OS— / М'ОМ, 
This рұтаПах which arises from the zenith distance of the planet, 
is called the common parallax or the parallax in altitude.t 2 

Let О be an observer on the surface of the estt]; Z, the zenith; 
ZS, the vertical circle passing through the plapbt б; let a circle Z'mr 
be described with centre O and radius HS cutting OZ and ОВ produced 
at 7/ andr. Leta line sm be drawn parallel to OZ, then the аго Z'm 
wil be equal to the аго 28. Now, the planet f seen from E has a 
zenith distance ZS and seen from О, в zenith distance Zr which is 
greater than ZS "ог Z'm; hence the apparent place г of the planet is 
depressed by mr in the vertical circle. This arc mr is, therefore, the 
common parallax of the planet. This is found as follows :— Ы 


Draw.mn 1” to Or and rt to OZ and let P=ES or Or. 
h=EO ог ZZ/ or ms, p=mr, the common parallax. 


* Giddhinta Siromani, Gol&dhy&ya, B.D, Bastri' edition, verses 12-17, 
+ Thé disgrama used in this paper are ordinary figures of Spherical Astronomy. 
Readers are requested to draw them while going through this paper. 


f Bee notes by Bapudev Bastri under verse 12 of Gol&dhy&ya, and also Vasana 
Bhasye of Bh&skara in the chapter on eclipaes. 
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02—78 or Z'm, the true zenith detada of the planet ; 
and ^ d-- pzzZ'/r, the apparent zenith distance of the planet 
Then, mn=sin p and rt=sin (4-Ер). 
From A‘ Ort and Smn, Or : rt=—Sm: mn. 


| ог R:gin(d-- p) :sin р. 
sin p= h sp (2+р) қ 
Hence it is evident that when sin (d+p)=R or d 4-y—90*, the 
parallax will be greatest. Let it be denoted by P. 


^ Bin Р--А e 


апа EE sir p= Sn Р re (dtp), 


or, р=РХ®їв (dtp), as sin p=p and sin P—P approximately. 


. __ P[sin d сов p - cos d sin р] 
^ p= Е---- 


< : 3 5 5 
ч А p[ sina ( 1-5... 4-008 ( pfit) 
| ы». j ! 
= Ң 


e 
_P sib d 


RS Pp is very small: 





i.e., the common parallax is found by multiplying the greatest parallax 
by the sineof the zenith distance and dividing the product by the 
radius.*e ° 
The orbits, thus drawn, must be considered as Drikkshepa Vrittas 
or the azimuth circles for the nonagesimal.t The sine of the 
zenith distance of the nonagesimal or of the latitude of the zenith 
is the Drikkshepa of both the Воп апа the Moon. Mark she nona- 
gesimal points on the Drikkshepa Vrittas at the distance from the 


ж Bee note by Bapudev Sastri under verse 18, Goladhy&ya, Chap. VIII. 
+ The point 90° distant slong the ecliptic from the point on it just rising goes 
by the name of nonsgesimal or Trivalagna or Tribhona. 
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zenith equal to the latitude of the points. From these two points 
(supposing them as the Sun and the Moon).find as before the minutes 
of parallax in latitude. These minutes. are' here Nati-kalds, i.e., the 
minutes of the parallax inlatitude of the Moon from the Sun. The 
difference north and south between the two orbits, t.e., the measure of 
their mutual inclination, is the same in every part of the orbit as it is 
in the nonagesimal point, hence this difference called Natt is 
ascertained through the Drikkshepe or the sine of the zenith distance 
of the nonagesimal. • 


. When the planet is depressed in the vertical circle, its north and 
south distance from its orbit caused by this depression is called Nati or 
the parallax in latitude. 

Let Z be the zenith ; N,-the nonagesimal; ZNP, its vertical circle ; 
Nar, the ecliptic; P its pold; Zst, the vertical circle passing through the 
trae place s and the depressed or apparent place t of the Sun; Ptr, a 
secondary circle to the ecliptic passing through the apparent place t of 
the Sun; then sr is the Spasta: Lambana or parallax in longitude or tr 
the Май or parallax in latitude which can be found in the following 
Way i— 


ZN =zenith distance of N, Zs=zenith distance of the Sun. 


From A'ZNs' and ter, sin Zs: sin ZN=sin st:.sin rt. 
sin rt 810 st X sin ZN А М 
sin Zs ; А 


. 
.. 
. 


е 
Now, st is taken for sin stland rt for sin rt?gn account of their being 


very small. 
e 


Pam at x sin 25 
sin Zs 
Е е 
г ..í Р вір Zs 

Воб те have already seen that віс. CE ar (1) 

P sin ZN 
раан ia 
: ü 2. (2) 


t.e., the Natt is found by multiplying the sine of the latitude of the 
nonagesimal by the greatest parallax and dividing by the radius. It 
is clear that the north and south distance from the Sun depressed in 


5 
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the vertical circle to the ecliptic, becomes equal to the common parallax 
at the nonagesimal and hence, the Nati is to be determined from the 
zenith distance of the nonagesimal. Hence by subtracting the Nati 
of the Sun from that of the Moon which are separately found in the 
above mentioned way, the parallax in latitude of the Moon from the 
Sun is found and this is equal to the difference between the mean paral- 
laxes of the Sun and the Moon at the nonagesimal.* 


The amount by which the Moon is depressed below the Sun deflected 
from the zenith (at fhe conjunction) where ever it be, is the east and 
west difference between the Sun and the Moon in a vertical circle 
Fer this reason, the difference is twofold, being partly east and west, 
and partly north and south. The ecliptio is here east and west and 
the circle secondary to itis north and south. (It follows from this, 
that the east and west difference lies in thé ecliptic and the north and 
south difference in the secondary to it.) The difference east and west 
is the Lambana or parallax in longitude and the distance north and 
south is the Май or parallax in latitude. 

The parallax in minutes as observed in а vertical circle, forms the 
hypotenuse of a right angled triangle, of which the Nats kala or the 
minutes of the parallax in latitude forms one of the sides adjoining the 
right angle, then the thirdside found by taking the square root of the 
difference of the squares of the two preceding sides will be Sphuta Lam- 
bana Lipta or the minutes of the parallax in longitude. 


from the right angled triangle rst, rb—base, st=hypotenuse, sr— 


е 
perpendicular .'. sr=v (st)? —(rt)* 

The amount in minutes of parallax in a vertical circle may be found 
by multiplying the sing of the Sun’s zenith distance and the minutes of 
the extreme or horizontal parallax and dividing the product by the 
radius. Thus the Nati will be found from the Drikkshepa or the 
zenith distance of the nonagesimal.f 


Now when the sun's place is equal to the place of the nonagegimal, 
there is no parallax in longitude and that when the north latitude of 
the place is equal to the north declination of the nonagesimal -point 


* Siddhanta Siromani, Goladhyfys, Chap. ҮШІ, verses 18, 19, 20. 
+ See notes by Bapudev Sastri under verses 18, 19, 20 of Golidhyaya. 


At the time of the eclipse as the latitude of the Moon revolving in ite orbit is 
very small, the Moon, therefore, is not far from the ecliptic, hence the parallax is 
determined from the corresponding place in the ecliptic, by neglecting the difference 
which із small. 


ў Stddhanta Siromani, Gol&dhyüya, Chap. VIII, verses 21, 22, 28, 24 and 25. 
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(2.е., when the nonagesimal point isin the zenith of the place) there 
will be no parallax in latitude.* 


When s coincides with N, sr, the longitude in parallax is zero 
and when Z coincides with N, tr, the latitude in parallax is 
zero. 


In this connection the Sürya Siddhanta has made use of some terms 
which are illustrated thus: 


Let RMZPO represent the meridian, REO (he projection of the 
horizon, QEC that of the equator, E the east point, Z the zenith, P the 
pole of the equator. Let rMNL(O be the ecliptic, М its culminating or 
middle point (madhya lagna), Li its lagna or rising point, М the nona- 
gesimal (triva lagna or 90° apart from L in the ecliptic); K, the pole of 
the ecliptic, and HNZK һе vertical circle passing through N, Hence г 
being assumed as vernal aquinox, rM. will represent the longitude of 
the madhya lagna or culminating point, rN that _of the nonagesimal 
and rL of the rising point which is called the horoscope. 


LH=ER, г. RH-EL 


But EL represents the amplitude of the rising point, the sine of 
which or the Udaya is found thus :— Let QO and MT be the projections 
of the equator and the ecliptic and let V be the intersection of PE and 
MT ; and let RSR be drawn perpendicular to HZ. Nowform A'EVL 
and QES, EL : EV :: EQ : ES or sine of the azimuth : sine of th8 deoli- 
nation :: radius : sine of altitude ; and altitude-*co-latitude of the place. 


By the method of modern astronomy, ecos PL=cosPOcos LO or 


sine (declination) =sine EL sin PZ, or, sin (d&imuth) — = Grater 
ur d uu і sin altitude)’ 


Also if rL is the equator and rs is the ecliptic, and S the Sun, 


then, 2 та зін BL or, sin (боо) -tinQongitudo) xsin 24° 


віп 90°- sinr sin 2 





sin longitude xsin 24° .. sin 90°=Radius according to the Hindu 


astronomy. 


sin (azimuth) = =n (dec.) x Radius _ sin (long.) x sin 24° 


sin (altitude) sin (altitude) ' 


* Surya Siddhanta, Ohap V, verses 1 and 3, 
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sin Lix sin 24° 
сов 1 
where L isthé'longitude and 1, the latitude of the place. 


Also MZ =QZ—QM or zenith distance of the culminating point is 
equal to QZ—its declination=PO~-d=1—d. 


or meridian zenith distance of М--1--4. 
sin (meridian zenith distance) =sin (1--4) 
or Madhyajya=sin (1--4у% 


Hence, | Udaya= 


2 


Now sin MN=" ME ык EN = sin MZ sin MZN (1) 
[RH represents MZN] 


— Madhyajy& x Udaya | sin (1-0) X sin L x sin a 249 
Е Б йт” -È cost 


The zenith distance NZ and the altitude NH of the nonagesimal 
point are found approximately from their sines, that of the zenith dis- 
tance of N being called the Drtkkshepa, that of the altitude Driggat:, 

Multiply the Madhyajya by the Udaya, divide the product by the 
radius and squarethe quotient. Subtract the square from the ,square 
of the sfadhyajya ; the square root of the remainder is equal to the 
Drikkshepa or sine of jlfe zenith distance of the nonagesimal, or the sine 
of the latitude of thé zenith. The square root of the difference 
between the squares of the > Brikkshopa and the radius is the sine of 
the altitude of the nonagesimal. ‘The sine and cosine of the zenith 
distance of the culmimating point are reckoned the rough шы 
and: Driggatt respectively.t 


From the right angled spherical triangle 
: - . 5 . ЕЕ p алал ғ E - ЕС = _ 
(sin ZN = (sin ZM)*—(sin ММ)4 or sin ZNz: /sin* ZM -sin*MN 


И : sin RM xsin MZV X3 
or, Drikkshepa= № ‘int ZM— ( 9 -) , from. (1) 


Also, sin NH =sin (ZH— ZN) =sin ZH cos ZN —cos ZH sin ZN 


* S&rya Siddhanta, Ohap. V, verses 4 & b. 
+ Ibid., verses 6 6 7. E о 
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But ZH=90°, cos ZH —0 and sin ZH eR 
sin NH —sin 90° сов ZN= /R*cos*ZN = /R3 —sin*EN. 
Driggati <= /R*—(Drikkehepa)* . 

In the Sürya Siddbanta we have the moon’s horizontal parallax given 


: 5059 4 A 
the f Í 7 h =58 5 
in Ж ‘orm 224000 x 8438’ minutes of arc which гейпсей--59:681 
. This can be found thus :— Ж 
-Let 00’ be the Earth and MM! the orbit of the Moon ; let E be the 
centre of the Earth, OM the horizontal line. OME is the horizontal 
parallax. 





20МЕ 


ОЕ _ 
ке EM angular measure of ЕМ 


annual parallax= on xangular measure of HM. 





With centre М and radius ME draw a-circle. On the ciroumference 
of this circle аке a point L such that EIL radius HM. Then the 
angle subtended at the centre M by this arc is the angular measure of 
EM and this is equivalent to unit radius—3488 minutes of aro (accord- 
ing to Sürya Siddhünta). А 

annual parallax М Е 
= radius of the earth _* 
distance of the Moon from the centre of the Barth 
e. 


Now, radius of the earth 800 yojanas * and the ,ircumference of 
924000. 324000 





5 the Moon’s orbit is 324000 yojanas .. ЕМ оа тд 
и e 
800x 24/10 5089 
=; 3 жс: 4 : 
annual parallax —s234000 Х 438 824006 Х 8498! approx., 


==58.681' approximately. 


This as & mean is smaller than what ought to be, ав we know from 
modern astronomy the horizontal parallax is at the greatest=61,533' 
and at the least —59.88'. The mean is 57.156’. 


* Surya Siddhanta, Chap. I, verse 59, 
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But taking into consideration that the effects of refraction were not 
known in ancient India (and if known at ell it was at a very recent 
date *), nor even in Europe till the time of Tycho Brahe and Kepler (the 
latter of whom gave the first treatise on refraction) it may be conceded 
that the Indian horizontal parallax of the Moon was в fair approxi- ' 
mation. 


As the horizontal parallax of the sun could not be obtained by 
direot observations, the Indian astronomers had recourse to the theory 
that all the planets moved in the respective orbits with the same actual 
linear velocity of about 12000 yojanas approximately in one day, By 
this hypothesis they accounted for the apparent slowness of some of 
them by their having to travel over orbits of greater diameter, and the 
ciroumferences were supposed to vary directly as the periodic times. 
Now the circumference of the moon’s orbit is 324000 yojanas.- Therefore 


the angular motion in ohe day is А х 360°=13°20' approximately. 





The horizontal parallax of moon is therefore approximately E of its 


daily angular motion. [53-681'= ко! 13°20! appox. |, The cireumfer- 


ence of the sun’s orbit is 4321500 yojanas. Therefore the daily angular 


12000 


o . 
2581500” x 860959” approx. Hence the, horizontal 


motion of the sun= 


е 
е 


% 
parallax of the sun = x $9' —8'56" approximatly. The relative parallax 
is therefore 48/46, — Ы 
The equivalent in time of this is estimated to be 4 ghatikas, fifteenth 


— 


part of a day. 

The moon’s parallax in longitude, on the occasion of a solar eolipse, 
involves & series of complex caleulations, which are divided into ateps. 
The trus time of conjunction of the sun and the moon differs fróm the 
apparent time by the relative parallax at the sun and the moon expressed 
as time. 


“There is one passage in the SsddhGniatattva Viveka by Kamal&karabhatta 
p. 88, verses 210-11, which might referto refraction : 


ABTA ятата wa #89 wenaa 
we агата еге wir waft | 
ач ea иа CHT чате AN | 
Ratt апегїї# безе т ГЕЙ 
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The first step is to compute a divisor called the chheda 


(ein 30°)* Ra 


Driggati 4 sin (altitude of nonagesimal) 





If the difference of the longitudes of the nonagesimal and of the sun 

be denoted by D, then the moon’s parallax in longi*ude from the sun, 
D 

Ohheda ` 
the relative parallax in time. 


expressed in ghatikas= This will be a fit approximation to 





The relative parallax in latitude of the moon from the sun is found 
thus; multiply the Drikkshepa (sine of zenith distance of nonagesimal) 
by the relative daily motién of the sun and moon and divide the 
product by fifteen times of the radius. Thus, relative parallax in 


latitude Әді. X sine of the zenith’s distance of the nonagesimal. 


parallax in latitu de — Sine of the zenith distance of the nonagesimal 
.. £ SS ee M TRI NOUS 


—Drikkehepa o 
70 


Let М8 be the eoliptio and Z the horizon. Let К be the pole of the 
ecliptic. Let 8 be the position of the sun when seer from the surface 
of the earth and T the position when seen from the centre of the earth. 
Draw the aro KT and KS Draw TRL” to “KS. Produce arc KT to 
meet the ecliptic at V. Then TV is the parallax in latitude and VS is 
VS віш KV_ 1 


the parallax in longitude. Then. TR Wn KT sn ETC C parallax 
A : _ TR , TS sin TSR 
іп fongitude=VS nk — iin KT Ф 





_Psin ZS sin TSR 
СВ 7 sin KT” 
where P is the horizontal parallax and R, the radius, 


„Р sin ZK sin ZKS 
^ RsnkET 


P х sin (altitude of the monagesimal) xsin (ZKT 4- TK). 
TRO cos VT 
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But Z TKS is very-small and cos VT=R approximately as VT is very 
small. 





parallax in longitude =F sin (alt. of кышы) ‘sin ZKT 
=P sin 1. sin т 
mE 
wherei-altitbudeand r= / ZKT diff, of the longitudes of S and 
nonagesimal. 
Let P=4 hours” 


<; parallax in longitude=* Sin віш + 





шшс. P aw а where, GB)? ыда, 
sin 4 e 


Now as the horizontal parallax of-the sun is 2 of its daily motion 


and that of the moon is i of its daily motion, therefore tke difference 


=i (daily motion of the moon—daily motion of sun). 


parallax in latitude 
2 =VT= TS sin TSV 
x | 
=> sin 28008 ZSK-L cos ZK 


E d sin (zenith distance ofthe nonagesimal) 


— Drikkshepa 
- R 
х тє (daily motion of the moon—daily motion of the sun) Ы 
e аф 


= Drikkshepa Ф. . .gU қо. ГА ctm ! 
= ақтық (8 20’: 46 -'7’—59 - 13616"), where R=3435 


таты х Drikkshepa approximately 


= here approximately. 


The annual parallax of a planet which is an angle subtended at the 
planet by the earth and the sun is also described in the Sūrya Siddhanta 


Ра 
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in chapter IT, verses 29 and 30 in connection with the finding of the 
mean places of the planets. | 

Next ‘we shall consider in detail the procedure adopted in the old 
Strya Siddhünta as included in Pafchasiddhantika, for finding ont the 
parallax. 

We first find the madhya-jyé, t.e., the sine of the zenith distance of 
the madhya-lagna, ї.., that point of the ecliptic which at the time is on 
the meridian and then we find the sun’s Drskkshepa. 

Deduct the square of the Drikkshepa from the square of the Radius ; 
multiply the square root of the remainder by the sine of the distance of 
the sun from the ecliptic point, and divide by the Radius, the result is 
the sine of the altitude of the sun. Let АО be the ecliptic; as, the moon's 
orbit, and P'ZTD, the projection of a great circle passing through the 
Pole of the Eoliptie, the z8nith and the íribhona T, and cutting the 
moon's orbit int. Leb m be the true place ef the sun and M the 
apparent place and P’m and P'M be secondaries; ZF be 1" to P'm. 
віп Йш: sin (opposite angle) (which sine=sin 90°=R)=sin ZF: sin 
opposite angle, and thus find the sine of Z ZmF which is ‘equal to the 
cosine of £TmZ. Now assumiug mM to be the vertical parallax, and 
treating mMn as a plane right, angled triangle, £mMn=/TmZ; and 
4 mMn being the complement of Z Mmn, cosMmn=sin mMn=cos TmZ. 

sin mnM(=R): sine of mM=sine / mMn: sine of mn (ќе. 
parallax in longitude). 

Also Б: sine of greatest vertical parallax=sine (given zenith dis- 
tance): sine (desired vertical parallax); which (ZM b8ing taken equal to 
Zm from which it differs very little) gives sine of desired vertical 
parallax : .” 

е 


(mM) езіп (07004087 paralla») , gin Zim, 


The sine of the greatest vertical parallax being equal to the product 
of the earth’s radius and R, divided by the planet’s distance, and the 
abridged diameter of the earth being equal to 36, we have 


18xR 


sino of greatest parallax = ‘distance of planet 3 


sine greatest parallax 


^4 sin mM= хвіп Zm 


__18xsinZm —— 
~ distance of the planet 
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sin ZE x-R 


sin Z mMn = — 
sin Zm 


Sine of parallax in longitude =sın mn = SinmM x sin / mMn 








—__18xsin Zm sinzmMn _ 18 x sin Zm. | 
distance of planet R ~ distance of planet x R 
x sin ЕХЕ _ 18 sin ДЕ 
sin Zm distance of planet 


For the parallax in latitude, we get ' 
R :sin (greatest parallax’ =d)¢ki shepa : sin (desired parallax іп lati- 
iude) 


. E 
А с 18x Rxdrikkshepa _ 18 х drikhshepa 
d жалтара ied аа intern * 
Bin 10941299: Бағы) R x true distance true distance, 





In this connection Thibaut remarks in the introduction of his edition 
of Pattchasiddhanitka that the rules laid down there for calculating 
solar and lunar eclipses agree with the modern rules of Sürya Siddhanta 
as far as general methods are concerned, but at the same time, there are 
some deviations in the details of the calculation of the parallax in solar 
eclipses. He admits that the main principles were there, only there 

- have been changes in details. . 

Wh. itney, in course of a discussion on parallax in Hindu astronomy, 
says that the statqnfent in the Sfirya Siddhünta that there is no, 
parallax of the sun in Ióggitude when the sunis in the meridian, is 
nob true, unless the ворЫё is also bisected by the meridian.| But 
that is the implicit intention and 16 will be clear by perusing the original 
statement carefully that the meaning of the passage included thatfact also. 

There can be no doubt that from the time of the old Sürya 
Siddhünta down to the time of Siddhanta Siromani various changes 
took place in thé procedure for calculating tke parallax. But ite із 
certain that attempts to calculate the parallax were made from very 
early times and it is not true, as Mr. О. R. Kaye saya, that the attempt 
for the calculation of parallax in Hindu astronomy is but recent. 


*  Pafichasiddhántiká, Chap IX, verses 28, 24, 25, 
+ J.A.S. S., 1858, p. 286. 
i А.В. В., 1919, p. 177. ease М 


“-------.--- 
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‘ON THE MEAN VALUE THEOREM OF THE DIFFERENTIAL 
^ CALCULUS 


BY ы 


AVADHESH NARAYAN SINGH (Caloutta). 


қ Introduction. 


The mean value theorem of the Differential Calculus : 


Й) Жа) раба), 0<0<1 


b—a 


is usually enunciated to be valid subject to the condition that f (s) 
possesses% differential coefficient at each point in the interval (a, b). 
This restriction вв to the existence of a differential eoefficient at each 
- point within (а, b) was first removed by Prof. W. M. Young and Dr. 
G. ©. Young, and the theorem has been proved to hold true in the 
following form: * V È é 
If there is no distinction of right and left + with Jegard to the deri- 
vates of -f(w), then there isa point in the completely open interval 
(а, b) at which f(z) has a differential coefficient, and the value of that 
differential coefficient is precisely 


| s урчу 


b—a 


ж W. Н. Young and G, О. Young: On Derivates and the Theorem of the 
Mean, Quarterly Journal of Mathematics, Vol. 40, p. 10. 

+ The absence of the distinotion of right and left at a point does not necessarily 
carry with it the continuity of the funotion at that point. For this reason, it is, 
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In the present paper it has been shown that the above theorem holds 
even if the conditions imposed by Prof. W. H. Young and Dr. G. C 
' Young are further rela:ed. The new setof conditions is given in 
Theorem I. Theorem II of this paper may be termed  Rolle's Theorem 
for Derivatives,* and ensures the existence of a determinate derivative 
at a point in the open interval (a,b), whichis equal in value to the 
jncrementary ratio of the end points of the interval, 4.6., 


КЫ) уба) 


b—a 
provided the derivates of f(z) satisfy certain conditions. Theorems 
ІШ and IV are the applications of Theorems I and II. Of these theo- 
rems, IL is the generalisation of a theorem given by W. H. Young and 
Q. О. Young.t Theor8m V deals with the validity of the mean value 
theorem for discontinuous functions. 


„ів believed that all the theorems are new. 


.$1. Тнвоввм І. If f(z) be a continuous function defined in the 
closed interval (a, b), such that 


(1) there is no point within (a, b) at which one of the derivatives 
exists while the other does not, and 

(2) at each point within (a, b) the upper and lower derivates on 
one "side lie within or are equal to the upper and lower derivates on 
the other; then, tiere, exists a point in the completely open interval 


(a, b) at which the differential coefficient exists and its nahiy is equal 
to ө 


. К-а). 
UP. 


necessary to restrict this theorem to continuous functions. This will be clear from 
the followi#g example : 


Let fa)- 2 for zo}, (е)-1 in the interval (0, $), and f(a) =1 in 
the interval (4, 1). 


There ig no distinction of right and loft atany point, and still the theorem of 
the mean does not hold for any interval containing c= 1, 


This seems to be due to the fact that the function is discontinuous, 


* Following Prof. Young, throughotté this paper, І use the word derivative to 
denote a one-sided differential coefficient. 


+ 100. oit., р. 11, Oor, 2. 
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or in other words, there exists а value of Ô for whioh 


Ло) раа, where 0<6<1. 


Proof: 


Consider the function 





5-а 


F( 2) =f(2) f(a) —F— 00) а): 


It is seen that ‘F(a)=F(b)=0, во that F(z) has at least one maxi- 
mum or one minimum withjn (a, b).* 


Suppose f(») has a maximum at the point ё within (a, b). 
Also by condition (2), the derivates at 2 satisfy either the inequality 


D*F(2) D-F(z) 


} d 2 (А) 
D,F(s) xD-F(z) 
or ` ы 
D*F(o) x; D-F(2) ; | 
} s a. Ф) 
D,F(z)zD-F(s) 
JU ^ 
Suppose that st the point 2, the derivates satisfy the inequality 
(А). Now, as £ is & maximum point, > 


А DtF(é)<0, and peso pes ND 
But D+F(¢)>D-F(é) (by hypothesis A). 
"A D*F()-D-F(0-—0 a e 0) 
Again D_F(¢)>0, for £ is a maximum point. 
But D.F(£)&D-F( «0 by (b) 
D. Fid)-0-D-F( 
Wo have now 


EF. (£) 20, and D*F(£)—0. 


* For the trivial cage F(z) = Oonst., the theorem evident!y holds, 


- 
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Hence by condition (1) of the theorem, there exists a differential co- 
efficient at £ 
F'(£)-0. 
Therefore 


РФ) fa) 
о сш 


Ina similar manner, if the derivates at £ satisfy the inequality (B), 
it can be shown that 


D*F(£) D, F(£) 2D. F(£)-0, 


so that by condition (1) Ғ(2) exista and is equal to zero, and the 
theorem holds. 


. 
Similarly if ё is a point of minimum it can be shown that tho 
theorem holds. M 


We thus see that Theorem 1. holds. 


Тнвовим П. If f(x) be а continuous function defined in the inter- 
val (a, b), such that the upper and lower derivates on one side lie 
within or are equal to the upper and lower derivates on the other, then 
there ів а point іп the completely open interval (a, b) such that at 
least one of the two derivatives exists at this point and its value is 

f(b) а) ° : 


. А 7 “Ва 
e. 


The-thegrem has "already been proved by the reasoning adopted in 
Theorem I. та 


He. 1. Let фік) equal 22 sinl. in the interval (0, 1) and equal 
. т Б - 


e sin L in the interval (—1, 0). 


There is distinction -of right and left as'regards the derivates of 
Ф(х) at the point 2-20, so that Young's generalized condition for Rolle’s 
Theorem is not satisfied for any interval containing the point @=0. 
-Rolle’s Theorem, however, holds for any interval containing x«=0, 

for the conditions of Theorem I are satisfied. Here the differential 
co-efficient exists at each point of the interval except at z=0, where 


D*$(0) —2, D,9(0)-- —2, 


D-$(0)—1, D.4(0)- —1; 
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so that the condition 
D*é(r)z D-é(s) | | 
Ю,ф(а) < D-(z) 


is satisfied at each point of any interval containing z—0. 


Ег. 2. Let (2) equal 20 cos log z* in the interval (0, 2), and equal 
a cos log w? tn the interval (—2, 0). 


This example possesses. the. same properties as example 1 asiro- 
gards the validity of-Rolle’s theorem. | 


He. 3. Іш Е(2)= site), 


where {w,} їз an enumerable everywhere dense set of points i» (—1, 1) and 
у(х) та. the function defined in example 9. 

At every point ю, there is distinotion of right and left ; Theorem I 
holds for any sub-interval of /—1, 1). Ў 


§ 2. Тнковем ПІ. If f(x) satisfies the conditions of Theorem 1, 
then (1) there exists an everywhere dense set of points of potency с, 
` where the differential coefficient of f(x) exists, and (2) this. differential 
coefficient passes through every value between its upper and lower 
limita. Ж 


Ртоо/: Е: : . 

By a well-known theorem, we know that thogupber and lower limita 
of the derivates are the same as those of the incrementary ratio. Let 
these be U and L respactively, and let K be a number guch that 


: L<K< 0. 


Than there is at least one interval (а,,р,) within (а, b) such 
that ы 
fip fla) K. 


Pr— akr 


And as. the conditions of Theorem I are satisfied by f(x), there exists -- 
a роїпё 2, іп (а), рь) such that there:is æ differential coefficient at z,, 
andit'has the value K, 1.6., i Wod uum nl 


NIAE Pepe: 


r 


ла 


= — умаро 
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But K may have any value between L and U, so that the points z,, 
where the differential coefficients exist, are іп (1, 1) correspondence 
with the continuum (L, U). Again, the conditions of theorem I are 
satisfied in every interval that can be taken within (а, b), so that the 
set of points {z,} is everywhere dense, Thus the set of points where 
the differential coefficient exists is everywhere dense and of the potency 
of the continuum. 


Also, the differgntial coefficient can have every value K between L 
and U, so that it passes through all the values between its higher and 
lower limits. 


Тнвоввм IV. If f(z) satisfies the conditions of theorem IL, then (1) 
there is an everywhere dense set of points of potency с at which one 
of the derivatives exists, and (2) the derivative passes through all the 
values between ite upper and lower limite. 


The proof of this theorem can be carried out as in Theorem III. 


$.8. Тнвопем V. If within (a, b), for which f(x) is defined, 
there be a point 6 at which there is discontinuity of the second kind, 
at least on one side, say the right (left), and if the conditions of 
Theorem I are satisfied within a finite interval, however small, with 
the point of discontinuity ё as left (right) end point, then there exists 
within (a, b) а point at which the "ныш coefficient extets and is 
equùl to 


* £5)—fla) 


e b—a ” 
”. 

It does not matter whether the conditions of Theorem I are satis- 
fied at the other points of (а, Б) or not. For instance, the function 
may be totally discontinuous, or may be non-differentiable at all the 
other points of (a, b). 


Proof : 


As the conditions of Theorem I are satisfied in an interval ( Ё, ай, 
lying within (a, b), it follows (by Theorem III of this paper) that the 
differential coefficient exists atan everywhere dense set іп (£. a), and 
passes through all the values between the upper and lower limita of 
the incrementary ratio in (ё, а). Ая there is discontinuity of the 
second kind at 2, the upper and lower limits of the incrementary ratio 
are +оо and —oo respectively. Therefore, there exists at least one 
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point іп (2, а), and consequently in (a, b,), at which the differential 
coefficient exists and has any given value P. Hence there is at least 
one value of Ө for which 


0-9 2 fata) 0 < 6 «1 


' 


and Theorem V holds. 


Ез, & Let G ber non-dense set of points in (а, b). Let (a, 8) be 
an interval complementary to the set б, and let ¢(z. а) sein. 
а 


Let а+у be the greatest value of г, which does not Желе. 4(а+8), 
for which oos ES vanishes. Lot F(e)=0at every point of G, and in 
each interval (а, B) complementary to ©, let  . 

F(z)zd(z, а), for. a < z< aty, 


Fir)=ġlaty, a), for ay € ғ <В-у, 


Е(л)=--ф(+, В), for B—y « ce < B. 

Itis easy to see that any interval (р, 4) taken within (a, b), contains 
within it a complementary interval of the set G, or is itself contained 
within such an interval In the first case, the conditions of Theorem 
V are satisfied for the interval (р, 4), and in the second case those 
of Theorem I. Hence the meas value theorem holds for any inferval 
within (а, b), although Р(х) is discontinuous * at all the points of the 
set G, in (a, b). 

My best thanks are due to Professor б Prasad for encourage- 
ment and interest. 


* In a paper, On в function which occurs in the law of the mean,” published 
in the Annals of Mathematics, Vol 7, 1908, pp. 177-192, Professor E.R Hedrick 
writes; “That this formula” {(2+h)—f(e) «А (в + 8) “ holds inf a very general 
manner. in the precise form just given, even when f(s) is discontinufus between 


з and a+h, is evident from such an example as y«f(z) sin 1, which ів essentially 


discontinuous.” | 

Professor Hedrick seems to have been aware of the fact that the mean value 
theorem may hold even if there isa discontinuity of the second kind within the 
interval, He, however, did mot go beyond giving an example of в function which 
has such а discontinuity at & single point, but is continuous at all other points, 
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ROTATING ELLIPTIO CYLINDERS 


BY 
©. Cures 


In в recent paper in the Bulletin * Messrs. N.*M. Basusnd Н, М, 
Sengupta give a solution of the elastic solid problem presented by а 
rotating isotropic elliptic cylinder. In their introductory remarks (1.c., 
р. 141) they refer to Love's Theory of Elasticity, 2nd Ed., Art. 102 for 
the solution for a rotating circular cylinder, adding “ bat it appears 
that the problem ofa cylinder whose cross sectionis any other than a 
circle has not yet been solved. In fact the equations are too compli- 
cated to admit of easy solution.” The authors seemed to have over- 
looked a paper ‘ Rotating elastic solid cylinders of elliptic section " 
which appeared in two partsin July and August, 1892, in the Philo- 
sophical Magazine. ‚Їп this paper I obtained, in terms of ordinary 
Cartesian Co-ordinates solutions for rotating thin elliptic disks and 
long elliptic cylinders. These had the same degree of accuracy as 
the solutions I had previously obtained for rotating circular disks and 
oylinderg which formed the basis of the treatment іп Love's Theory 
of Elastioity referred to by Messrs. Basu and Sengupta, The paper in 
the Philosophical Muga sine investigated in considerable detail the way 
in which the strains and stresses vary with the ellipticity. 


* Vol. XVIII, No. 8, p. 1a. 
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ON THE SUMMABILITY (01) OF THE FOURIER SERIES. OF A 
FUNCTION AT A POINT WHERE THE FUNCTION HAS AN 
INFINITE DISCONTINUITY OF THE SECOND KIND. 


y 


рсе QU BY S є 
GANESH PRASAD VEM - 


шын ў TARER 


> 


The object of the ОРЕ paper is to apply Paul du Bois-Reymond’s 
Infinit&realoül to obtain as complete an answer аз possible to the 
following question :' When is the Fouritr béried of a function ау 

2: summable (Ol) ata point 20, where f(«) has an infinite discontinuity 


% ofthe second kind such that 


wu -- as à 


ao efe +2 fis — 2040) cos (9. * 


x(t) and Vt) being both ‘monotone functions which ténd td ‘infinity as 
t tends to 0 Р In answering this question, I show, among other things, 
that the series may be summable at т even if the ifidefinite integral of 
ЖӘ is not differentiable at t=0 2% 
In a recent paper,* I mentioned the aforesatd, question which does. 
not seem to have been attacked directly by any previous writer.t 
It may be noted, as is‘ well-known, that Cesàro's mean 8.(ғ) 


behaves for large values of n as 


je (Y ot as, 


* This Bulletin, Vol. 18, footnote on p. 184. 

f The magab recent investigation in this connection is probably Pollard’s (See 
his paper, “ Direct proof of a new oriterion for the summability of а Fourier 
series," Journal L. M. 8., Vol. I, 1926, pp. 288-285), The oriterion considered by 

* Pollard fails in the case treated by те. is 
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where a>0 is independent of n and can bå chosen to be as small as 
we please. Thus, integrating the above by parts, S.(r,) behaves as 


1 (вен eee во (Ry a 
тт” 


"т а 


o 


a 
_1{ 2, sin 2nt dt 
4 т t t , 


Ф, (£) standing for 
| ы dis. V 


в 0 


Hence, neglecting terms, which vanish with 2 5 


a a 
_ 2 Ф,(Ф) sinné \*_1\Ф,(@Ф) sin 2nt 
Bere). E (E ya sfaw s n 


0 0 


1. Thé Fourier series of f (а) ін summable (01) at ғо, when 
e 


е 
. \ 
М 1 
a log = andy li 


Ф 
and it is not summablee(Cl) аф д, when 


1 
Vlog. 
Proof : 
e . 
(а) Let wy zl. Then, since x 2-1, 
yal, 
3.6, үк log + ‘ 
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Also Ф,(4) behaves* as 5 Bin y. 
Therefore, when 
-X 291 
ty! , 
$i 4 





i 


and, consequently, both the parts of (A) tend to ‘zero wit. i ; thus 


in this case e 
Lim 6, (2,)=0. 
A= оо 
Again, whent 
. 
"W^ -1, 
. 


Ф о behaves as sin № (2) where y > log 5 NE hence each part of 
(A) ON with 51 Ep ШЫ case e 


Lim 8,(ғ,)--0. 
n2 
(b) Let y log Д 


Then it is known] that 


1 sin nt XM w 
Е m ‚(== ) A 
о 


* It is easy to prove that, when фу, log 1. $, behaves as > gin y whether 


D? 


jc tor eb eg., take the оме IX ot; here, integrating by parts, 
. 4 


i e 
бог 
| fre re A (3) біп ф di. As чь чт 
0 
x cosy d 
Therefore Ф, behaves wp uy “gr d ($)* , 4. ав X gin y. 


| 
+ Note that in this case Ф',(0) is non-existent. 
t See Hardy's paper, 'Oscillating Dirichlet’s integrals" (Quarterly Journal of 
Mathematics, Vol. 44, 1918), p. 86. 
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(10-40) 


behaves as 


Therefore 


Lim 8, (о) is non-existent. 
n= 00 


. . n 
т: А 


Вә. 1. For xA j у=; ‚ where 1>k>0, the series is summable. 


le 


Вг. 2. For xz (i log 2- › Vlog gp" the series i8 not summ- 


&ble. 


- v 


x al but _X “Ж, 1, thenthe Fourier 
i (6р )* : 


series of f(s) is summable (C1) at ғ, when. 


2. If v log à and 





Xn t Vy"; 
(8) : . 2 5% 
. s . in 
e 
the series is not sugnmable түлеп 


` Proof: 


- Here Ф, (4) behaves as dr sin y. Therefore, by the theorem of tlie 
ө 


preceding article, the first part of (A) tends to 0 with ES for 
1% | ы Do 


ari 





4.6, ығы, X 
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Thus the behavior of S, (20) depends in this case on the second 
integral of (A) which, by Du Bois- Reymond’s result, converges or 


diverges according as 


X мі vy : 


Hz. 3. For ха» у=, the series is summable 


By. 4, For х=, = — the series is nob summable. 


3. I a log 3 and qs nl bury Gl, then the Fourier 


series of f (=) is not summable (C1) at е; when | 


X y^ 
аж” t vy". 


Proof | : 
Integrating by Po the first integral i in (A) and ‘neglecting terms 


which vanish with 1 we have 
n e 


ROE ajet a(t) С” nt Уа 











aie 
т 


а а « 
Ф,(Ф) sin 2ni dil Ф, Ф, (2). sin ant ay (B) 
t t T] t i 
n i ; қ 


0 


t 


where Ф,()- (Ей di,. 


9 





— 4 
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Now @,(¢) behaves as e Jv) сов Ye 


5,0) behaves as ar cos y. 


Therefore 





Hence, applying the theorem of Art. 1 to the first part of (B), 


that part tends ĉo o with L , 88 


dy] V zl 


2 


Thus the behaviour of 8, depends on 


T t 


a 
inn sin 2n£ d 
eur H. 


0 


1 


ro М 


But y a log 


and. consequently, "T 


m 


and therefore y x l, ie, y" x y. 
Hence Е кыр 


since by hypothesis, uA ed. 


Also, by hypothesis dy x ivy", 
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-Hence, by Па Bois-Reymond’s result, the -part of (1) due 
to 2n. converges with increasing » and that due to T does nob 
converge. 


Therefore Lim В, (ж) is non-existent. 
п == со 


Ha. 5. For х= , wt? , the series is not summable. 


1 ; 

ж „= X. X xz 

4% If y alog js and (Y zæ l but ayer <1 , т being 
greater than 1; then the Fourier series of f (=) is summable (C1) at =, 
according as Ы 

E e 


a 
" E ам (2, +з, AB, ABBR Vay (1) 


nooo 
0 


is existent or not, Ф, (t) standing for 


t 
$,., @,) ae 
t, 


0 


Proof :• 
7 ө 
Applying integration by parts (m—1) times %o the first integral 


in (A) and neglecting terms which vanish with М, we have 





a LJ 

_ 1 {віп 2st (htm eae) 

T t t : 
0 


% By means of this theorem, the uncertainty in this case about the answer to 
the question of this paper is shown to be due to our insufficient knowledge of the 
behaviour of oscillating Dirichlet’s integrals ; e.g., it ia doubtful if (1) is always non. 
existent when each part of it due to Ф,, ,, etc, is non-existent. 
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Hence, reasoning gs inthe precedifig article, ‘the result follows; 
since wy zt Vy" for 7-11, 2,...m—1, aad consequently the- parts 


due to®,, Ф,,...Ф аге all non-existent. = ' °° | 


m-1 
А ( 


Ех. 6. For eae у. wat, the series is probably not summable. 
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THE STEADY ROTATIONAL MOTION OF A LIQUID 
WITHIN FIXED BOUNDARIES. 


BY . 
B. М, Вин. 
(Calcutta) 


It is well-known that ‘no irrotational motion of a liquid contained 
Within a fixed boundary, or outside a fixed boundary and at rest at 
infinity ie possible. But if the flux across the boundary be prescribed, 
the motion can be uniquely determined. In the case of rotational 
motion the form of the boundary ia connected with the possible distri- 
bution of vorticity. It із proposed in the present paper to investigate 
this relation. 
The related problem of motion of cylinders and spheres in a liquid 
of constant vorticity has been investigated by Prondman.* 


1. Cfebsch has expressed the velocity кошын of a lignid 
moving irrotationally in the form * 


шш-- 9% HABE, ” 





ӛз”, 
_ c 
. ш-- 9% жада. e (9 
The rotation манай are 
кз 60: -» 


* Proc, Roy. 800., xcii, 408, and 8. F, Grace, Proc. Roy. Soc., cii, 89. 
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* It has also been shown that the vortex*lineslie on the surfaces 
A=const., | 4--const. .. (3) 


The dynamical equations can then be regarded as giving the pressure 
in terms of the functions ф, А, д. 


It is obvious from the forms of. the expressions-for the velocities that 
А is indeterminate to the extent of a factor of the form (ы). We can 
therefore, choose it во that 


i A=const., and p=const. 
represent two orthogonal families of surfaces. 
Then the equation of continuity gives for an incompressible liquid 
— V АУ. d | DEMO 
If the fixed boundary be given: by 
y =0, 


the condition of zero normal velocity gives 


EH epe gH 





Oc ? ð ду Әу y 
E Әу (_ 864) дк). 
à Tar. tUm mU % 


One way of satisfying this relation would be to take ү orthogonal to 
the families ° 


i 


ф==сопвё,, р const. 


Alsogwe have taken А and surfaces mutually orthogonal. * The 
following then are the possibilities : 


(A) ұ may be orthogonal to the families A, д. 
Ф orthogonal to V, во that $—A-xp. 
(B) v may be one of the family A. 


Then А, д, ф form a triply orthogonal family of surfaces. 
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2. For the simplest case of steady two-dimensional motion,-we шау 
take 5 


¢=const, іп (В) 7 


A—f(8), p=0, and p=const. 





` Then 
QO, р) ..f М 6 
“а 7% ok) 
gets ont. (7) 
% 
The dynamical equations become, for steady métion, 
un] OX 
[74 55 ӛ: 
(8) 
NE ERROR OX 
_ “ a Әу 
where x= Fag +Q. | . 
+ - e 4 
The condition of integrability is.satisfied and ° 
: 7 - e. 
2 e (9) 
w 
We have, therefore, 3 ў ° 
А ҮР 
«| Jf аа ius 0 oone | .. (10) 


B 


If 0 be symmetrical ‘round the z-axis, p is symmetrical round the 
‘axis and depends оп & The resultant thrust on the oylinder is zero. 
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3. Reverting to the general case of steady two-dimensional motion, 
the dynamical equations may be written 





-әйш _ 9x 1 


Өг 
* we (11) 
= — OX 
e = Әу 
where x= 2 + 29840. 
Also $5 =A, ha Ma .. (12) 


the suffixes 1, 2 denoting differentiation with respect to z, y respectively. 
The condition of orthogonality may be written 


Аа Ag, =0 (13) 
which gives 


А, ур БА ыу FA, is Анаа =0 


| И; 
Хз А san, HAs наз =0 ` 
% ў 


The condition of integrability gives 


ә 8 („у 
Ф-00+ 8.6 0=0 
оғ, 
4 ia v o: =0 - ..* (15) 


leading to 
Ра fA, Peg ВА уа А ap Ара i 


+, {à ats БА наа Аар Ag „}==0 .. 


(16) 
Using equations (14), this can be reduced to the form 


(зз Ва) А-А) Арала =O we (17) 


` 


4 
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In the usual notation of pattial differential equations 


(#—ғ)(9° —p*) +4pqs=0 


63 


(18) 


4, This equation belongs to Monge’s type of differential équations 
with two intermediary integrals. In accordance with the usual method, 


they are given by 
(р — 4°) (d«* —dy*) +4 pq dw dy=0 | 
dp dy—dq dz =0 
which give % 
{(p+q)de—(p—g)dy} {(p—q)de+ pt+qidy}. 
The first intermediary integral is given by 
(p+q)de—(p—q)dy=0 | 
dp dy—dg dx=0 


1 4 Е 
' 'Oné integral of these equations is 


(p ке = Дер 


(19) 


(20) 


(21) 


(22) 


' Again ату сопа, is another irtegral, provided n= +1. 


By Monge’s:method, one intermediary integral is 
* dmm = fatty) (pr gn). 
Similarly the second intermediary integral is "us 
СЛЕТЕО 
We deduce from (23), (24) 


67l? =yla tiy) F(otiy) (p? +97). 


2. „(23) 


.. (24) 


(25) 


For real values of (р, 4), the functions f and F must be conjugate 


functions. We take these as 
f=fetty), Е-Да-іу) 
The only real solution is 
p=conat. and б. 


which are equivalent to the rather trivial solution 


por, Àk—y.o | 
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It thus appears that Monge's methode which does not, of course, 
give the most general solution is of no .use. It has not been found 
рыш! to obtain a more goneral solution. 


5. Some Башы cages of two-dimensional motion- oan however 
be obtained more easily by assuming 


The fixed boundáry must be one of the stream lines ¢==const. 


The equations of motion are integrable if 


or, 8, v) = 0 i : "e [26) 


We have, therefore, the well-known equation* 


2000 Widf)-0 - 7 dE e (27) 
Bolutions of this equation can be obtained for only a few particular 
forms of the arbitrary function f. "Putting f os we нө” : 
. v= pray СЕБЕ a (28) 


* 


where 2(a45)— pc 


If we pub fj) e 2%, we МЕ Stoke's йон for a circular 
ponndets. е 


The value 
e zs 
leads to the solution - 
ат . Ат h к" ті ; TENE 
y=sin -- Ер, where -— n жа (99) 


corresponding to the rectangular йорде s= +a, Ac +b. 


* Btokes, Papers, i. 15, 
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6. The equation (27) may be transformed withthe substitution 


(with a slight change of notation) 


into 


or 


This is equivalent to 


or to 


\ 


NU 24-19 —£, 2—iy— 


Biol (4) 


(30) 


sf). 


‚ д! (2 Je&s (2 я — (81) 


ы)”, 


It may be pointed out that this equation which gives the motion is 
of the third order whereas the equation (18) previously found is of the 


second. 


It may thus be possible to discover ee solutions of problems. 


> 7. Тһе steady three-dimensional motion: with uniform vorticity is 
easily reduced to the case of two-dimensional motion with uniform 
motion in the third direction superposed. The Solution therefore 
depends on equation (17). 


8. Ifthe vorticity be constant in direction buts hot uniform, we 


may take, 


and 


‘and 


£=7=0, 
22 8%,ӘН 
к 8c Oy 
„=—Ө$#—9Нн 
у Әг 
__9% 
w= 8r 





(82) 


where Н is a function of ә, y only, 


Then 


(——V,'H, and V*¢=0, 
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The equations of motion become . 
-o= X 
vi Bo. _ 
щ=— 2x. | : 
y J - 


The condition of integrability is 





(бле) +=ве et. „-Ө* + 9:0 

v BL, „3t 

Бі i "Us. ey 
aw E E Ə A 
or | 94 (u È es D it 


This is an equation connecting ф and Н. If this ean be 
boundary is given by 


which simplifies on, райына | 
е 





7. xslog tZ | 
Ow ,97 
Ө? Oe’ .-— 


— 


when Z is в function of s only. а | EE 


We have, therefore, 


Z--log wzf(ey) Es ee 2 


I£ a solution of equation (35) be € the a 
can be found. 
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ON THE GRAVITATIONAL FIELD OF AN IDEAL FLUID, 


BY 
~ ЈҮОТІВМАҮА GHOSH, 


(Басса University ) 
I. . Introduciton. 


$1. The gravitational equations of Einstein for the fields occupied 
by matter have been solved only in a few cases relating to fluids at rest. 
For such a medium, it is assumed that all the oblique components of the 
material-energy-tensor Т, vanish, while three of the remaining com- 
ponents, which are identified with the pressures of the fluid, are equal. 
There seems to exist a certain amount of difference of opinion as regards 
the interpretation of the fourth surviving component (T,*), and Фе 
assumption of the equation of state. Schwarzschild? solved the prob- 
lem for a medium which he defined by identifying T with the density 
and whose incompressibility was "expressed by the constancy of Т. 
The density has been identified with T,* also by Gombridge.t Schrédin- 
кегі adopted the assumption p—pzz T * 3T, =3T 2 =H? = —3p, where 
р and p represent the pressure and density of the fluid respectively 
» The gravitational equations were solved by Bauer§ for fluids whose 
equations of state were defined by him by the assumptions p—p=const. 
and p+2p=const., where p—p=T and —p=T, -T2—T?. His 
results include the solution of Schwarzschild, which, however, accord- 
ing to Eddington,|| does not represent the solution for an incompressible 


* Berliner Sitsungsberichte, 1916, p. 424, 

+ The field of a spherical shell on the relativity theory, Phil, Mag., Jan., 1926. 

+ Phys. Zeitschrift, 19 (1918). 

$ Kugelaymmetrische Lósungssysteme der Kinsteinschen Feldgleichungen der 
Gravitation usw., Visner Sits., Па, Bd, 127 (1918), p. 2141. 
` gp Mathematical Theory of Relativity, Arts, 64, 72, 
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liqnid spans, because the condition for incompressibility should be 
T=5,T; =p—4p=const. and not T,*=p=const. The equations con- 
sidered by Schwarzschild, Schrdédinger and Bauer are the original 
gravitational equations in which the cosmological constant is zero. 


The object of the present paper is to investigate the gravitational 
field of a mass of fluid of ideal compressibility, viz., one in which the 
equation of state is expressed by the equality of the pressure and den- 
sity at every poinf, the field-equations being assumed to have either the 
original form or the form containing the cosmological constant, The 
solution in the former case agrees in form with that of Bauer for the 
саве р--р--0, obtained by a different method, but he has not considered 
the case p=p-Fconst., which is the шна assumption ‘of the prob- 
lem under our consideration. 


The vanishing of the component T,*, which is sometimes called the 
enargy-density, may perhaps be objected to on the ground that it is 
inconsistent with matter, but the objection does not seem to be valid, 
beesuse the presence of matter is sufficiently indicated by the existence 
of the material-energy-invariant T, which is here a non-vanishing 
scalar depending on the physical property of the medium. 


П. The Equations. 
$2. The gravitational equations are 
к, E (0—28) = —8=Т, TES M 


where K,, із the contracted Riemann-Obristoffel tensor, ТИ ін the 
material energy-tensor, and fj is the cosmological constant. We assume 
the matter to be distributed Line about the origin, so that the 
metric of space-time is 


. 
dat = —e*dr* —r*d03 —rgin*Gdg* + е” dit, (2) 
A, v being functions of r only. 


The equations (1) then become 





-af 1 ау 9-1 
е (22° s )--e( +E), or —E8sT,; п. (8) 
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^M = 14% eye С; а) 
8 201—4 dr art 


=—8e{ ту о —8eT? 2. (4) 


Ті-та e (5) 


óc I : Es ж-е THE) o —B8vT3... (6) 


the second alternative corresponding to the form in which the cosmo- 
logical constant vanishes. 
e 


$3. Let p and p represent the density and pressure of the fluid 
respectively. Tho material energy tensor is then given by 


da dan 


T,;—8— —M fpe Ga P zu (7) 


so that the components in a galilean system are 


Tí-—p 0 0 0 


We now define а perfect fluid of ideal compressibility by the equation 
_p—p=0 we (8) 
at every point. In this case, therefore, we have 
Ti =T =T= p, Тё=0 


T=TJ=—3p. 
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ПІ. Тһе field of an ideal fluid according to the original law of 
gravitation. 


$4, We take the second form of the equations (3)...(6), and we 
obtain from (6), 


là, & —1 
ep M .. (9 

hy 2 =} 40 (9) 
From (8) and on since T) =T}, we have’ 


— + 


ld*v 10 ld dv, 1 2) +4 l/dv dà 





баз 4dr dr Жау 2r\dr dr 
ld, Жал 
AE D те : Ж 0 
А at r? 0 а ) 


The equation (9) is satisfied by . - 


e7^ =1— £, .. (11) 


where A’ is the constant of integration. 


Tf the solution is to be regular at the origin, we must haye A’=O, 
во that 


©. xl ы 2) 
Substituting this ine(10), we have 
dy 1 dy б 
= :(% x) -—— Г (3) 


. | s І 
Multiplying by e and putting өй” =s, the equation (13) reduces to 


dts - lds _ 
ат? т ат 
во that р 
£z А+ Br’. 


“ 
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Hence 
ғ =(A4Br*)* | e (14) 
From (8), (12), and (14), we get 
5 1 -a /1%- --1 В 1 
=p ~T= — ee ee | Bi ee a 1 
p—P 1; 8r г тат r? ) 2r А + Вт" (28) 


Thus, the field of an ideal fluid, defined by the relation p=p, is given 
by the metric 


ds* = — dri —r*d03 —r*gin 645 (А Ва) 48, .. (16) 
the pressure and density being given by s 
2e(A+Br*) ` 

§ 5. Oase (a). 2 

Suppose that the gas is enclosed in & spherical envelope of radius 
| NEN. fe B 
aand the pas a the envelope is P. We have Ре Во) 
whence Б--- ра . -Also, if P=0, we have B=0 and therefore,‘ 


from (15), p=p=0 everywhere, во that thespace is empty and soe" 
must ђе 1. This gives A=1. Hence we have 


y _ OP tU 17 
' ={ 1+ рр } | б 

and 1 ( 
P бола сымы (18) 


РТР (19тай) дар 2%. 


The pressure at the origin =e Б.Ы is to be positive 
á 





and P is positive, we must have P< 





1 А s= 
23 97% < azp' It 2r Pat =1, 
6 в infinite. E P< А —1.=9тРо?, во that 
"` Bra? ue е 


mu P ” =( үз ) 
Рената)” Ct ш), 


"which shews аһ in this case, the solution has a bod ab r==c 





(which is i than a). Thus we see that, when P< the solution 


дее 
is regular and the pressure is positive every where. 


1% JYOTIRMAYA GHOSH 


Case (b). 
If the space occupied by the fluid: extends from r=a to r=, and if 
P be the pressure at r==a, we have, as before, 


xx qoo 
P—P—Ír2zxP(9—a*) 3 
Since r>a, the pressure is positive everywhere. It vanishes at 


т= оо, where е” becomes infinite, ө” is also infinite when Р= 1... 
a 


Thus, in this case, unless P=} the solution is regular everywhere 
except at infinity. E E. 


Оазе (o). M 


Suppose now that the whole space is occupied by the fluid, the pres- 
sure at the origin being given to be ps. 


Putting a=0 in the solution of ease (b), we have | 


желе Po ` ! 
P= P= ары rq ce Үй?) 
е аты 0. me (20) 


ЙИ po is assumed to be positive, the pressure and density are positive 
everywhere and Vanish at infinity. _ . 


The solution is regular everywhere except at infinity. 


56. The spatial p&rt of the metric (16) represents the Euclidean 
three-space, while the Riemann-curvature of the space-time (16) is 
given by “© SES is ; І 


K=8rT 
= --94тр 


=a in cases (а) and (5) 


.« (21) 
sO | | 
and es bue er iom (с) 
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"The curvature is therefore of opposite sign to the pressure and it 
vanishes at infinity. 


§7. To determine the paths of light as affected by the gravitation 
of matter through which it passes, we observe that, if a ray of light 


` _ starts in the plane b= 5, it will continue to travel in the same plane, 


80 that it will be sufficient to obtain the geodesic nitll lines in the plane 
=7 
0— g 
Putting 7, 0, ф, іст, 6-1 2, 3, 4), the geodesics of the space-time 
(17) are given by 


d'w, d d 
Bappa) r di, 





(a=1, 2,3, 4) we (22) 


where all the:Christoffel symbols vanish except the following: 
221 221 м _2Br 
12, 8}=1, (1,3) 1, (14, 4] р. ais 
{22, 1}=—r, (33,1]-—r, {44, 1}=2Br(Þ+Br°) | 





We thus get А . 
а, (ФҰ dt Né 
d (%) +2Br(1+Br*) ( гі. )=0 
0 =0 ° 
ad , 2 dr d$ = 
at T de i =0 el (24) 


at | 4Br dr dt 27 
ds t I4Br* de de = Uo (25) 
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Anā fiom (18) 5 40 55 онь 0 
[OCIO 


` From (24) and (25), we have 


* TM 


ds 


er te Rug "MNT 2 . 


dt 


de (Тн р 


h, x being constants, ~ = = “өс 
_ Sabstitating these in (26), we havo 


-- * CE 


f hoe NA а 
(3 Б ы. атау ісі 


зік 


- 


or, if = 


Boc - 





J ua m x ut К 
. -(8 yes че Prep 
whence, on анааан 


а ke 2B 2 2 
- dó* k Be) 


which is the differential equation of the geodesics. 

For nl lines, we must have ds=0. Hence from (27) h 

be infinite, while 5 is finite, Hence the equation of the р 
к 


lines can be written 


~ where, m* is an arbitrary parameter: and s ів put for : 
assumed to be positive. : 
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IV. The field of an ideal fluid according to the modified 
law of gravitation, 


58. We now take the firat form of the equations (3)...... (6) By 
equating (8) and (4) we obtain an equation which is satisfied by (10) 
and (11), viz., 


14d» 1 аА dv у dv 
24474 dr dr +3(¢ y -47 ;)79 e (00) 


A 
dA 901—6 ) 0 


4 = e (11) 
Also from (6) ` 
e^ (5% 1 an =i MM =£ .. (30) 
The solution of (11). is 
г ^ = (1+0), 
• 
which satisfies (30) if C=48. Hence n je 
e =(1—$8r*) : iu (81) 
Substituting from (81) in (10), we have 
б е 


1 а?у у- 1 а” 
9 dr* mit Ф(1-489) dr 
Multiplying by в?” and putting 6%? =z, this becomes 


аа 1 d 
dei vr(1—48r?) dr 
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which gives 
15A B(L- 49r), 
where A and B are constants'of integration. 
Hence 
е ={A—B(1—46r" др e (38) 


From equation (1), we have | 


— m_lf =A 14у — e l 
рар [Pte (22-7 )] 





РЕСЕ ENT 22. 4. (88) 
10+ A Bü Ager)? | 


Thus, the field of a mass of ideal fluid is given by the metric 
det = — (1—48r*)71dr* —7*d0* =r? віц*баф* 
+ {A—B(1—36r)¥} di 2 (4) 


ang the pressure at any point by 
p=PA/12n{A~B(1=36r")}}.- 


$9. Тһе solution*(34) is of the same form as the solution of 
Schwarsschild for & medium which he defines as an incompressible 
liquid on the assumption that the cosmological constant is zero. But, 
as we have already mentioned in Art. 1, Schwargschild’s condition of , 
compressibility is open to objection and so his form of solution really 
refers te the field, not ofa liquid in a flat world, but of an ideal gas in 
the naturally curved world. This seems to be a more corréot inter- 
pretation of the form of the solution obtained by Schwarzschild. 


It should be observed, however, that, though the form of the 
solution is identical іп the twò ёавев, the properties of the field (e.g.; the 
distribution of pressure) are entirely different. We shall therefore 
proceed to diseuss the solution briefly with referenée to the medium 
under our consideration. 
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610. Case (a). 


Ф 


Suppose that the external boundary of the fluid із а sphere of 
radius a under a giver pressure P. We have from (33) 


ыйым ыы. г: 
Мт А_в(1—18а*)% 


If В--0, the curvature of space is zero and from (83) the pressure is 


zero everywhere, во that we get an empty galilean space. Hence 6” 
must be equal to unity in this cage, Thus from (32), A~B=1. We 
therefore have ` 


Az. Pa- O 
Р{(1—18а*)%—1}-+Ек * 


Bcc f—K 7 
P((1—482*)5—1) +4 


where kab. Р 


From (38) we have 


K - 21 T 
puc 22 a 3807) ve (85) 
Р(1—48а*) (=o 


The pressure will be finite everywhere- unless 


oa а? > 3 B u-(-3 | ог "A^ ape e- (96) 


This gives an upper limit to the size of the sphere of the fluid under 
a given pressure. If we neglect, B, this limit is 


а Sree [о]. Art. 5, case (a)]. 
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Case (b). E 


Suppose that the fluid fills all space and that the pressure at the 
origin is given to be pj. We then have 


А-—В:=1, һа 
_ во that | 
А-В, реак e. (87) 
and 2 
oF eee n 


The pressure is finite and positive everywhere. 


Since l—ifr? is never negative, the limiting value of p is equal 





to xz i В. , and this depends only on the natural curvature of space 
and not on the value of the pressure at the origin, Ы 
x 1 


$11. In caso(a) if P=0, we find from (35), that p=0 everywhere, 
so that the space "is empty. In this case, Ағз0О, В-<--1 and since 


е -4А--В(1- Ви }*, we get е” =1—48r*, which is the solution 
for De Sitter’s 8mpty world. 


In case (b), if p,—0, we find p=0 every where from (38) and the’ 
space is empty. From (37), we have A= 0, Bz-l Thus the solution 
reduce’ to De Sitter's space-time. 


The spatial part of the metric is identical with that of the metric of 
De Sitter's world and the momentary 3-space (Фі--0) is therefore a non- 
Euclidean hyperbolic space.- It will be observed that the distribution 
of pressure and density at any point is bound up with the constant 
natural curvature of space and the © presence of the finid changes the 
constant curvature into & variable one. 
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Tf K be the Riemann-curvature, we have 
K—48=8rT 
ZA 
A~B(1—46r*)* 
oH K=46 { 1-8 r1] (39) 
АВ") 
In ease (В), če., when the fluid fills all space, we have 
ӨН PENERE „жее * 
19тр, — (12тр, — B)(1—387*)* 





If 8" be neglected, we have approximately 


K-48— 





TH КЕ ' 


whence it follows that the curvature changes sign at 


| = М E қ 





* 
andif р, < E the curvature will be of the same sign throughout. 


§12. To obtain the paths of light as modified by tho presence of 
gravitation of the fluid in De Sitter world, we shall find as before, the 


geodesic null lines in the plane ба. 


Proceeding as іп Art. 7, the equations of the geodesics are found 
to be 


ds TEC ram a) =a- (FY 
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4-46)(A—Bü ier! (20 


Py, 24648. 
eds ae 57 
з 2 


ds 301—469) (4 Bü 4e!) 8 


From (34) we have 


ee (2) uomen - в 


Integrating (40) and (41), we have 


r? d eh x 


e . 


7 (A-Bü-4g)h 


eS 


where A and o are constants of intégration. Substituting these in (42) | 


we have ° 


1 (һау? 
ганы ds) +; 


o’ 


3 = y 

Б ———— +10... (49 
* {а-в 

Since ds=0 for a null line, we wust have № апі с infinite while 


i will remain finite. Hence from (43) we obtain 


88 шү dob Sm*u* 
Зи" —B \ dé (uA м3 —B(3u* — 8)#}* 


where 
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If the squares and higher powers of 8 are neglected, we get, after 
8óme reduction, 


x) bmn? (3u*  B)—(A —B)u* (3(A — B)u* +B 
аф (A—B)(u? X AB) 
which is of the form 


да л/а + Q) 


аф Purto 


V. Conclusion and summary. 
518. Following the provéédure adopted by Schrédinger, Silberstein, 
Bauer and Eddington, we have assumed the material-energy-tensor for 
a perfect fluid to be given by (7), viz. 


dz ах 


v 


ЧЕЧ p 
Tot. po ox 





where p and p are scalars representing the pressure and density of the 
fluid at any point. We then define a perfect fluid of ideal compressibi- 
lity by the equation p=p. . 


The gravitational fields of such an ideal fluid have been found in the 
case when the gravitational equations are of the origénal form and also 
when they contain the cosmological constant, The curvatures of the 

* spaces and the differential equations of the light-paths have been 
determined. The solutions reduce to the galilean and the De Sitter 
forms respectively when the energy-tensor vanishes, 


It is proved that the form of solution which Schwarzschild inter- 
prets as belonging to the field of an incompressible liquid sphere placed 
іц а flat space really represents the field of an ideal gas placed in the 
naturally curved world. 


If a fluid sphere under external pressure P is placed in the galilean 
field the consequent curvature sets a limit to the radius a of the sphere, 
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ihe limit being given by a? =: The corresponding limit in the 
case of the naturally curved world is given by 


== 0- be)" 


which reduces to £y if B is neglected, and thus agrees with the 
first case. GUTES 
When the fluid fills all space, the pressure, in the first case, dimi- 


nishes from the given value at the origin to 29го at infinity, indepen- 


dently of the initial value. In the second case, the limiting value, 


127’ 
natural curvature of space, and is also independent of the pressure at 


reached at r= A/ D is found to be B, whioh depends on the 


the origin. 
Bull. Cal. Math. Soc., Vol. XIX, No. 2 (1928). 


4 


TABLE OF COMPLEX MULTIPLICATION MODULI oF 
ELLIPTIO Functions FOR SOME 
New Caszs* 


BY 
8. О. MITRA, 
(Decca University.) 


(I А--106.: КƏ . 
(kk! АА) = 2.01 * (By* —24y* + 26y* —10)(2y* —8y* --9y —92y*, 


e where Re xa 
ARAN =m, ot = By, 

a 

2y* —12y* +23y—12=0, 

and ші ФСУ —108) Ka 
7* 2106) . 
(П) A=109. К 
(AERAN) а , att = ly. 


. (kk XX) 42 + 4e* —a*)(1—4 22 +1224 —10 2a. 
+1824 —4 4/225 +2°), 


and 29* —Ay* +9y—9=0. 


* With the exception of (IV), XI, ХІП and XIV, the other савез are entirely 
new; for these cases Dr. Berwick has given the class invariants but not the moduli, 
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84 8, 0. MITRA 
(ІШ) A=517, $ 
(AMA cr, el = Убу, 
kV +N = V2(1—4e* 44а —n*) (92—34° 4-225) 
and дуз — 20y* —"1g—55—0. А 
(IV) A =235. v 


(ШАРА) ma, суы 2. 





and 





94 (84/285. ү 888 V 
шасы сей 


(У) A=355. 5 


yay (aaee (i 





y=- CID ye { (5554146) +-(64+3 5) (1085 4} * 


5 +1 {G5v5+146)— esos (1065/14, ^. 


(VI) A=529. а 


aps =V2y, а-(Фируіз, 


(2y* —16y? 4-12y—8)3 —23(2y4—y)* =0. 


MULTIPLICATION MODULI OF ELLIPTIO FUNCTIONS 


(VID A=89. 


(АРАА а. 
ТЕ ЕБИ ae 
id Уа” 2 25, 


29 — (17 —32:);* — (61-161): — (11-167) 20. 


4 ; 4 "PE 
Mk 614 (v —89), УР =y( vV —89). 


(УШ) A=171. 


з 6-10 (0-10*. 
mmc c 


7—(8199 +1086 4/57) 4- (135-18 97)? (4984-66 /57). 


(IX) A =887. 
7—(8192007 +721266 4/129) + (459378 + 40446 v 129) 


х (1593:14.4/129)3. : 
(X) A603. Қ 
27 (1 —1)—8v*, n 


2o (440-31 /201) + 8(43071 +3038 /201)*. 


r=( 1- — Е 
(XII) A=175. 


s= м 1650. 
(92° — 2° 4-115—7)* —45 (2? —2+1)*=0. 
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(ХІП) A —123. 


t= AE, 
(£5 —443 4-205—1)* —41 (t — 84)* =0. 
(XIV) A=139. 


a— (116K)! 
2—16 C 


a\ _ г au = 
(5) 98764 (2) +36720 G) 79488=0. 
Е % 


(XV) A=155. 


at a eM. a\} 
(5) 57420 (5) +280720 (5) 5638400 (5) 
-8166400--0. | 
(XVI) A=118. 


y= 42 cosh 2 9, 


. у%--35у3--21у--9--0. 


Ф . 
The ргоо will appear іп в subsequent paper 


Bull. Cal. Ма Soc., Vol. XIX, No. 2. 
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Tur HINDU SOLUTION OF THE GENERAL PELLIAN 
EQUATION 


BY 
BIBHUTIBHUSAN DATTA 


(University of Calcutta). 


Introductory. 2 


It is well known that the Hindus had the very remarkable success 
in obtaining the general solution in rational integers of the indeterminate 
equations : 


ax*+1=y’, 4» (1) 
G2* ысу), .. (2) 


where а, c are non-square integers. Of their method of solution, which 
is called thb Cakravdla (or the “cyclic method”) and whereby the 
Hindus long anticipated the works of Lagrange *(1768), Hankel 
observed: “It is above all praise; itis certainly the finest thing which 
was achieved in the theory of numbers before Т, гапе.” The credit 
for the solution, so far as known, is due to Brahmagupta (628) and 
Вһазкага (1150). Аз the algebra of Sridhara (c. 750) and of Padma- 
nibha, upon which Bhiaskara, according to his own admission, had 
„drawn heavily, are lost to us, it cannot be ascertained now how much 
of the credit in this matter, is due to the either of them. A scholiast 
of Bhüskara, Sūryadāsa (1540), thinks that ho was also influeced by 
the writings of Prithudakssvümi (860). There are good grounds for 
such a supposition. For instance, in his treatment of the Vargaprakrti 
(equivalent to our “ Pellian equations"), Вһазкага has adopted 
certain technical terms which can be traced back to Pridudakasvüm!.* 


* H, T. Colebrooke, Algebra with Arithmetic and Mensuration from the Sansorit 
of Brahmegupta and Bháscara, London, 1817, p. 868, footnote; hereafter referred 
to вв Colebrooke, Hindu Algebra. 
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These terms are more noteworthy as being not always appropriate.* 
Stil they have been adopted by all the subsequent writers. The 
corresponding terms of Brahmagupta are, indeed, faultless. 

The object of the present note is to point out that the Hindus also 
accomplished the complete solution of the more general equation 


аг? - bs peg? = А .. (8) 


Hence in this case too they anticipated Baler and Lagrange. This 
fact has been overtooked by the modern historians of mathematics. 
It is not mentioned even in Professor Dickson’s monumental work on 
the history of the theory of numbers.+ Oolebrooke’s imperfect trans- 
lation is no less responsible for this neglect. - 


Hindu Solution. 


The earliest mention of the solution of аг? -Fbz--o-y* is now met 
with in the Bijagayita of Bhaskara (1150). The method із а very 
simple and elegant one. Tt consists in “ completing the square ” on the 
left-hand side of the equation, so that it is at once transformed into 
another of the known form (2).- This. - 


ant -+beosy*, 
бе | (e ) say? + l4 С б 
2 eee ee | . 
| uL) d 
Putting . gas, am (55 —4ac), we get 
200000 ay! ашы : 48.1) 


* If с=т, y=n be а solution of the equation 


е атъ +о=}%, 


Bhüskara calls m hraspa mila (" the lesser root") and п фуейатШша (" the 
greater root’). These terms will have true and proper significance, if o is positive ; 
but in case ofits being negative, the reverse will be -sometimes more appropriste. 
Brahmagupta used the :terms "üdya m&la (‘‘:first root ") snd antya müla ("Лав 
root") Gompare Colebrooke, Hindu Algebra, pp. 170, 868; Brahma-sphufa- 
siddhania, xviii. 64. 

+ L. E. Dickson, History ofthe Theory-of Nunibers, Vols. I. & ТЇ, Washington, 
1990. 

+ Colebrooke, Hindu Algebra, p. 245 et seg. — 
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г< То complete the solution : if у:=Ї, s=m be found tentatively to be 
а solution of this equation, another solution of it is known to be 


y=lgtmp, s=mq talp; 


where q?=ap? 4b Hence а solution of (8) will be 
——.ё +1 
r= nit a (mg alp), 
у= тр. 


Now suppose z—, when s=m; that ів, let m=ar+b/2. Substi- 
tating in the above expressions, we get the required solution of (3) as 


== (695) - gr -lp, .. (3.2) 


у=: (apr 5 bP); 


where qg*=ap*+1 -and “ar*-+br+o=1*. 


Thus having known one solution of az’ -+bx-+-c=y*, we oan easily 
obtain an infinite number of other solutions by the method indicated 
by Bhaskara. puru Nb me 


Huler's Solution: Lagrange. ° 


The above solution (3. 2), but with the positivo sign only, wes redis- 
covered in 1738 by Euler.* His method is indirect and, moreover, 
oumbrous. It is further akin to that of Dlophantus*(VI. 15, Lemma). 


Euler starts with assuming the values ` 
” ø=ar+yl ЕВ, 
. - ө 
а да за 


where s=r, y —l is в previously known solution of the equation (3) and 


* Leonardi Euleri, Opera Mathematica, Vol. IL, 1016, pp. 6-17; compare also 
РР» 516-611 for other methods of Euler. SUA 
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a, B, у, 9. є; aro undetermined quantities. - Substituting 

іп the equation and since 1*=ar* +-br-t~, equating the ak 
and the co-efficients of different powers of ron either 
equation, the following equations of condition are obtained : 


аа +а*у? 220% “Баз, 


даа + aby’ кыр 
ар асу РӨ tot, 


2aay = 28e, 
| дабу+бу=®ф V 
From these Euler succeeds in evaluating the undetermin 
such that ` Es a ж 


а= =P, ` Ве2(4-1), 


8=ар «-ізр бе; 


. r 4 
where (фара 17» Hence 


^ 


ы в=тРрї+ b (4-1); 


y-apr t ql pp. 
" І 
Lagrange begins in the same way as’ Bhüskara by con 
square on the left-hand side,* 


4 


`* Additions to Elements of Algebra, by Leonard Euler, translated 
by John Howlett, 5th edition, London, 1840, р. 687. 
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Greek Solution. 


' The Greek Diophantus obtained solution-of some particular cases of 
a2*-4-bs-Fo-g*. According to him a rational solution of it is possible 
only where (1)'a is positive and a square, (й) c is positive and a square, 
or when (1457) 15? —ac is positive and a square number. His method of 
Solution is entirely different from that of the Hindus and consists of 
assuming a suitable value for y so as to make the equation simple and 
determinate. Thus in case (2), һе sets y=av—7 and in case (ii), he 
sets y=mz—c. Тһе case (iti) has not been expressly enunciated by 
Diophantus, but it occurs incidentally in an example (IV. 31).* 


Discoverer of the Hindu solution. 


It has been stated before that the earliest mention of the Hindu 
solution of the general Pellian equation is now found in the Bijagasita 
of Bháskara (1150). But there are materials to suggest that he was 
not its first discoverer. He has taken a few illustrative examples from 
certain earlier writers whose solution presupposes a knowledge of the 
solution of the general Pellian equation. Neither those illustrations, 
nor treatment of equations of those types occur in the algebra of 
Brahmagupta or in any other known work anterior to Bh8skara. Опе 
of the illustrations runs thust :— 


“The square of the sum of too numbers, added to the cube of their 
sum, is equal to twice the sum of their cubes. #6] the numbers, 


mathematician |”? 5 . 
Tf æ, y be the numbers, then f 
(ty)? (a9) 2 (ty). 7 
The method of solution proposed is to put g—t--*, y=u—v, во that 
the equation will then become | 2 
484-448 —12 цо", 
or  4w*-áucl$9* — 
or — (Qu D! —12e* +1. 


* T. L. Нев, Diophantus of Alezandria, 2nd edition, 1910, Cambridge, 
pp. 70-71. 
+ Colebrooke, Hindu Algebra, р. 248. 
0 
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Another example* culled from в ‘different writer; léads to the 
equation ` - 





: 
yty Vai gay B Ey 9 + мау 90". 


There have been indicated several ingenious hints for solving this 
equation. 


(2) Set e=u?—1, y z2« ; then the equation becomes 
iu cds. 

(з) Set e=v +20, yz2v4-2; then ° 
Фр? 4 To 4 Sag, 

(2%) Set ж:шб3--2о, y=2v—2 ; then | 


. 90% —s—3—5*, 


(iv) Or set e= v? +4063, y=2v+4 ; in this case the equation will 
- ` be reduced to . 


қ 20.99 +110+18=,. 


е : Я 3 
So that in every way,the solution of the equation obtained depends 
upon the solution of a Pellian equation of the general form. _ 

A third examplet of an earlier writer consists of two double equa- 
tions of the secofd degree: _-. . 


(1) atty tlenu’, 
. ‚ а23-у%--1--ө3 ; 


(9) @*+y*—l=u? 


q*—y!—1-—z?. 


* Colebrooke, Hindu Algebra, p. 955. 
4 Ibid, p. 957. 
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The above illustrations will grove it undoubtedly that those earlier 
writers who have been referred to by ВҺАвКага must have been well 
acquainted with the solution of the general Pellian equation. It is to 
be regretted for the history of Hindu mathematics that their names 
and works have still remained sealed to us. | 


Solution of az* + Ье + сау" Hby te, 


Bháskara treated a still more general type of intermediate equations 
аш? -- bz -- c—a'y* E b'y- c. ^ The method of solution is the same ав in 
the previous case. Completing the square on one side, say on the left, 
the equation reduces to another 


ай + ab'y tame’ 
where g=ar+3b Ы 
о=ас +} b'—ae — ` 


The reduced equation can obviously be solved by the method stated 
before.* 

As an illustration of the above method, Bhaskara works ont an ins 
teresting exgmple:f То find the number of terms of two series in А.Р. 
whose first term is 3 and the common difference 2, but the sum of the 
one of which is 3 times the sum of the other. . 


If œ and y denote the number of terms of the two series іп А.Р. 
then, by the question, we shall have to solve 


8x d (8x24 (@~1)2}=4 (8x 2- (y —1)2], 


or " 35° 462=у* +25. à . ° 


Multiplying both sides by 3 and completing the square on the left hand. 
side, we get . 


(30-43)? 3y* +6y +9. 


* Colebrooke, Hindu Algebra, p. 250. 
+ Ibid, р. 851; Colebrooke's translation of this stanza is not cear, 
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Setting z—3.-F8, we have > 
3y3--6y--9—2*. 
Again completing the square on the left 
(83g +83)? =32* —18. 


Whence by the method of the affected square we can obtain an infinite 
number of solutions, such as 


z=9 2:98 4. 
| ; ) , etc. 
3y +3=15 3y +3=57 у 


Hence finally 2—2, y=4 ог 2—10, у--18 and во on. 
. 
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ON THE SUMMABILITY (01) OF THE DERIVED SERIES OF THE 
FOURIER SERIES OF AN INDEFINITE INTEGRAL AT A POINT 
WHERE THE INTEGRAND HAS A DISCONTINUITY OF THR 
SECOND KIND ° 


By 
Ganesh PRASAD 
ə 
(University of Caloutta) 


The object of the present paper is toobtain, with the help of the 
Infinitàrealoül of Du Bois-Reymond, as complete an answer as possi- 
ble to the following question: What are the types of functions to 
which f (2) must belong in order that the derived series of the Fourier 
series of the indefinite integral of f (ғ) should be summable (Ol) at a 
point æ, where f (г) has a discontinuity of the second kind? For this 
purpose, I use the results of a recent paper * of mine. Among other 
results, 1 find that there are cases of f (х) in which the derived series 
ін summable (Cl) at e, even when the generalised differential co- 
efficient + of the indefinite integral of f (2) is non-existent ab rg. — 

. 


The aforesaid question has not been attacked* directly by any pre- 
vious writer. But two interesting papers | of Prof. W. Н. Young 
throw much light on the question ; and by using the Infinit&realcül it 
can be shown that, in so far as my results and Prof. *Young's overlap, 
they agree. 


74 Ор the summability (Ol) of the Fourier series of a function at в pgint where 
the function has an infinite discontinuity of the second kind." (This issue of the 
Bulletin, pp. 51-88.) = 

+ By the generalized differential co-efficient of 6 (а) at 00, is, after Young, 
8 (2o th) —9 (zo =h) 
ааг" es 


understood Lim 
“h=0 


ў On the usual convergence of a class of trigonometrical series." (Proc. L.M.8, 
Series 2, Vol. 18, 1914); “ On the convergence of the derived series of Fourier 
series."' (Proo. L.M 8., Series 2. Vol. 17, 1918). 
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Throughout this paper, the indefinite integral of f(r) is denoted by 
F (2) end x (t) and y (4) аге ussumed to be functions which are each 
both monotone and unbounded in the neighbourhood of %--0. 


1. It is easily seen that the Fourier series of 


т Е 


ба) =) da al \ F (6) dt 
is % 


> 1 (а. Bin nx—b, сов һа), 
i 


where the a’s and b’s are the Fourier co-efficients of f(s), Thus the 
derived series of the Fourier series of F (/) is . 


t а, Т+ 5 (а. cos-nr+b, sin ne ) | 7 E 
1 * Ге 
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where, Т is the derived series of the Fourier series of з and ін, there: 
fore, * summable to.1 ; consequently, the question under consideration 
reduces to the question of the. summability of the Fourier series of 


f (a) at ао. 


2. Using ф (t) to denote f (s, +24) + (7; — 20), lot us consider one 
by one the following possibilities :— _ ! : 


(A) Ф6)= оов 49,9 alog д; 000000007 


(B) %() = «ву (0); V log 2; 
(0) 4 (=X @) cos v (0 & log 2. . 
ə . 
[ ana, consequently, ip >r]; 


* See the theorem given by Fejér relating to the derived series of the Fourier 
series of а function which is continuous and has s continuous differential coefficient 
(Math. Ann., Bd. 58, p. 01). 
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(D) Ф (0) =х (0) eo V (0), 251 


[ and, consequently, y > log x |i | 


(E) 4 (@)=x(t) eos v (0), y> log. ES and Ж, > l but we &1 


QR) Ф (09 =Х(дсов WO), y > log 2, and dy 21 


ы but 





X , 
wrest 


е’ алУ 


200 Ф(@=х(# сов (уі is and Ж, 51 


but dem S 
m being any integer greater than 1. 


The results given in my paper, referred to above, enable us to settle 
the question of the summability of the derived series in every case ex- 
cepting, perhaps, the last case. I proceed to state the results in each 
` саве. а с i 

А - К 5 EG Ж x * 

^. 8. (A) The derived series is summable at æ, "to the generalized 
differential co-efficient of F (..) at a, which exists.* 


(В) and (С) The derived series is not summable at то and the 
е 
generalized differential co-efficient is non-existent at 20. 


(D) The derived series is summable at vy whether 


X HIN us ii 

< xio --1 

although in the former case the generalized differential co-efficient is 
existent and in the latter case non-existent at zo. 


* The question of the existence of the differential co-efficient of Е (т) is settled 
by using the results of my various papers on the subject. (Bee this Bulletin, Vols. 
15 and 16 ; also Proo, Benares,M.8., 1999.) 
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(E) The generalized differential co-efficient is always non-existent 
at 2, but the derived series is summable or not according as 


x P 
P y 


or 
SC ox at. 
ty 
е 
(Е) The generalized differential co-efficient is always non-existent 
at г. and the derived series is definitely known to be not summable if 


v 


X xiv. 


yy 


(G) The generalized differential co-efficient is always non-existent 
at ro, but there is uncertainty about the summability of the derived 
series on account of the insufficiency of our knowledge of oscillating 
Dirichlet’s integrals. 

It will be noticed that, under (D) and (Е), wehave definitely cases 
of summability with the non-existence of the generalized differential 
co-efficient. 


4. - I conclude this paper by stating Young's results and their 
bearing on the question of this paper. А 


(а) ProVikly the chief result of Young is the following 
theorem* of his second paper: The derived series of the Fourier series 
of Е (2) converges (C1) at x, if the Fourier series of 


x u 
cosec t4 | (2, + 2t)+f(2,—2é)} dt 
Е : : 
converges for u=0, t.e., if the Fourier series of 
А u 

O | 22 
o 
converges for u=0. 


* Bee p. 228, 1. c. 


ON THE 8UmMMABILITY (Cl) оғ THE DERIVED SERIES 99 
t Е, 


(4) Applying the above test to (А), we find that the Fourier series 





converges ; for, ф, (u) behaves as sin y (и) and — ~ I, 
m 


1 
5% y(u) 


(4) Taking up:B), we find tbat $, (w) behaves respectively as 
сов Ди) ог сов (4 J- constant) according as yx log = or plog Li thus 
by Du Bois-Reymond’s result* the Fourier series of $, (u) diverges for 
u=0 in each case. 

e 
(4%) For (С), it-is seen that ф,(ш) behaves as 
yu) cos y (ч) or x, (u) сов (V + constant), 


where x, æl; therefore by, Du Bois-Reymond’s result the Fourier 
series of $4 (u) diverges for u —0. 


(tv) In Ње case of (D), ф, (v) behaves as 00, sin y (и); there- 


e fore by Du Bois-Reymond's result the Fourier series of ф, (u) converges 


for u=0. ғ 
(г) For (E), $,(w) behaves ав d sin y(w); therefore by- 


Га Bois-Heymond's result the Fourier series of ¢,(u) is convergent 
or not accdrding as 


є 
X y? X 7 
Ww £A ог А км 





(v) For (Е) and (©), $, (u) behaves as Хе) sin (u); hence 


| (#) 
„һу Du  Bois-Reymond's result the Fourier series diverges sinoe 


x 
Du ^b 


- 


1 


* Da Bois-Rey mond's result ів that p being a monotone fonction Ф 


a 
f р (a) oos % (a). sin (2n * 1)s da tends to a limib with increasing n or does not 
a 
о 


according авр-а 4/V'(«) or ғ ам (а) . (Seo his memoir іп Abhandlungen d. 
b. Akademie der Wissenschaften, 1876, pe 87.) 
2 
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(b) The main result of Young's earlier paper for the purposes of 
the question of the present paper is the following: * The derived 
series of the Fourier series of a function of bounded variation converges 
almost everywhere to the differential co-efficient of the function. 


It is not necessary to examine the above test at any length ; it fails 
when F'(r,) is non-existent, or Е((Ә ia not of bounded variation in the 


neighbourhood of ro, e.g. when ғо--0О, F #)1 =2? sin 2 tor £20, and 
. 


- 1 
equal to —z* sin =з for <0. 


* Bee p. 21, l. c. . 
+ In this case, ф(4)-9924 sin toe Fs , and thia cage fulls under (D). 


Bull. Cal. Math. Soc., Vol. ХІХ, No, 2 (1998). 





THE THEORY OF ASSOCIATED FIGURES IN HYPERBOLIC 
GEOMETRY 


BY 
R. C. Boss 
(Calcutta University) 
е 8 


Introduction. . 


As early as 1829 Lobstsdliewsky d in his vanes On the Principles of 
Geometry ’ observes that to every right-angled triangle on the Hyper- 
bolio Plane there corresponds another, whose elements are completely 
determinate when those of the. first are known.* Не also notes the 
existence of а tri-rectangular quadrilateral associated to every right- 
angled triangle.t Lobatschewsky’s proof of the latter correspondence 
was in part based on the use of Trigonomeirical Formule. Engel 
established. this correspondence from purely geometrical considerations 
using space of three dimensions. Liebmann first obtajned a proof of 
these correspondences independent both of Trigondmetry and three 
dimensional space.§ From ` Lobatschewsky’s correspondence between 
two right-angled triangles it is easy to deduce that any right-angled 
triangle always forms one of a set of five associated right-angled 
triangles.|| The existence of five tri-reotangular quadrilaterals ssso- 
ciated to these naturally follows. S. Mukhopadhyaya completed the 


' Nikolai Jwanwitech Lobaschfeskij, ‘Zwei Geometrische Abhandlungen ueber- 
setzt mit Anmerkungen Von Friedrich Engel’, 2 Teile (Leipzig, 1898.99) p. 15 and 
р. 949. Е 

. t Ibid, p. 26 and p. 906.” 

1 Engel, ‘ Zur nichteuklidischen Geometrie ', Letpsig. Ber. Ges. Wess. Math. Phy. 
Klasse, Vol. 50, p. 181 (1898). 

§ Liebmann, ' Rlementargeometrischer Beweis der Parallel-konstruktion und neue 
Begrnndung den trignometrischen Formeln der hyperbolischen н: Math, 
Ann. (Leipzig), Val. 61, p 185 (1905). 

{| Of. Sommerville, * Non-Euclidean Geometry,’ $ 86, p. 74, 
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system of associated Right-angled Triangles (with proper, improper or 
ideal vertices) by adding an eleventh associated figure, namely a rectangu- 
lar pentagon, and gave for the first time а synthetic proof of all the 
correspondences.* 

In the present paper there are proved two fundamental theorems (§ 1) 
which have been used to give а simple synthetic proof of the corres- 
pondences mentioned above (§ 2) and to establish a transformation carry- 
ing over any Triangle (with proper, improper or ideal vertices) into an 
associated Triangle ($ 3). This transformation enables us to exhibit the 
known соттевроћдепсев between the eleven Right-angled Triangles 
as particular cases of correspondences between Triangles not necessa- 
rily right-angled (§ 4). А complete solution of the problem of con- 
structing a Triangle with the three angles (or the three sides) given 
also follows as & direct application of this transformation (§ 5), The 
problem has already been treated by various European writers and 
Liebmann has, in particular, devoted a comprehensive paper to it.t 
It will however be found that the method used in the present paper 
greatly simplifies the solution of the problem, by introducing a uni- 
formity in the treatment of the various cases that arise. 

I take this opportunity to thank Professor 8, Mukhopadhyaya under 
whose guidance the investigations, the results of which are embodied 
here, were carried oub. 


81. Two Fundamental Theorems. 


Notation. Qrdinary points—proper points—shall be denoted by 
usual capital letters, 6.g., A, P, while improper points—points at infintty— 
shall be denoted by reek capitals, e.g., 0,5. The small letters p, q, ғ, 
8, 4, v, w shall be used to denote proper straight lines. 

The letters а, b, с, d, l, m, n stand for segments (of straight lines), 
all congruent segments being denoted by the same symbol. The 


* 

* S. Mukhopadhyaya, ' Geometrical Investigations on the correspondences between 
a right-angled triangle, a three-right-angled quadrilateral, and в rectangular pentagon 
-in Hyperbolic Geometry,’ Bull. Cal, Math. 800., Vol. 18, No. 4, p. 911 (1992-99). 

+ Leibmann, ' Die Konstruktion des Geradlinigen Dreiecks der nichteuklidischen 
Geometrie ans den drei Winkeln, Ges. Wis. Math. Phys. Klasse., Vol. 58, p. 915 
(1901). я 
Simon, ‘ Zwei Batze Zur nichteuklidischen Geometrie, Math. Ann. (Leipzig), 
Vol. 48, p. 607 (1897) and ‘Uber Dreieckskonstruktionen in der nichteuklidischen 
Geometrie, ' Math. Ann. (Leipzig), Vol. 61, p. 587 (1905). 

Grogamann, ‘Die Konstruktion des Geradlinigen Dreiecks der nichteuklidischen 
Geometrie aus den drei Winkeln, Math, Ann, (Leipzig), Vol. 58, p. 078 (1906). 
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corresponding angles of parallelism shall be denoted by а, В, y, 8, A, p, v 
respectively. The segment complementary to a shall be denoted by a’, 
and that complementary to AB by (АВ). The functional symbols т 
and A shall have their usual meanings, viz., п(а)=а, A(a)=a. 


Def. A triangle with all its angular points improper (at infinity) 
will be called a limiting triangle. 


We proceed to state and prove two fundamental theorems regarding 
limiting triangles. ° 


1 Тиковвм I. Вчрровва lins p, perpendicular at P to the side 
0,0, of a limiting triangle 0,0,0,, passes through а point L, on 0,0,, 
and L, is the foot of the perpendicular from L, to 0,Q,. 


(a) If q be a line perpendicular to p at a point A on tt, and meeting 
0,0, and 0,0, at 0, and Q, respectively. [Вее Fig. (1)), then 


AQ, =A(ZL,Q,A), AQ, =A(21L,Q,4); and L,Q,—T4Q,. 


(b) If т be a line perpendicular to p at a point B оп tt, and possessing 
common perpendiculars КҮҢ, andK,R, with 0,0, and О,0, respectively 
[See Fig. (2)], then 


BK, -(K,R,), ВК,-(К,Н,) ard L,R, = L,R, 
(с) If the perpediculars from a роті О on p to 0,0, and 0,0, meet 
these lines at 8, -and B, respectively [See Fig. (3)], then 
i e 
LL,08,—«(08,) £1L,C8,=7(C8,), and L,8, —L,8,, 


It is easy to see that the angle PL,L, is a right angle and conse- 
quently L,L, is the common perpendieular to L,P(p and 0,0, 
[Fig. (1)]. Also drawing P,Q, parallel to 0,0, and perpendicular to 
pat P, ibis evident that lines perpendicular to p at points between 

"P and P,, meet both 0,0, and 0,0,, while lines perpendicular to p at 
points outside PP, possess common perpendiculars with both 0.0, and 
0,0,. 


Proof of (а). Draw the lines F,0,, Е,0,, F,0, perpendicular to 
q at F,, F,, Е, respectively [See Fig. (4)]. 


Now, AF,=AF, each being complementary to AP, 
or, F,Q,—AQ, =AQ, —Q,F,, 
or, ACZ14Q,4)—AQ, —AQ, C ACAZT4Q,A). 


104 | в. с BoE 


Again, О.Е, РАО, =AQ; +0,Е,, 
ог, АС41,0,А)--А0,-А0,-- ACZI4Q,A). 
Hence, AQ, —A(/14,Q,AÀ) and AQ,—A(ZL4,Q,À). 


- 'Fig..(4) has béen drawn for the oase when A lies between L, and 
P,. In the alternative when A lies between P and L, we have only to 
interchange the positive and negative signs in the above proof. 


Draw Q,0, 070, D,0 parallel to L,A(PL,) [See Fig. (5)]. 
Then, x L14Q,A-7(AQ,)— 1 0Q,A, one. 
2009,А-т(А0,)- 21,0.А. 


Therefore /1,,0,О0--/1,,0,0. Also Z QL, Q, = Z0L4,Q,. Hence 
the infinite triarigles.L,Q,0 and L,Q, are congruent* ‘and j 


LQ, =1,9,. 


Proof of (b). Draw the lines G,0,, G,0,, G,0, perpendicular to 
rat G,,G;,G,, respectively [See Fig. (6)]. 


Now, BG,=BG,, each being ойран ae BES 
or, K,G,+BK,=BK, +5,G,, 
or, (K,B,)'+BK,=BK,+(K,Biy — . 
Again, G,Ky—BK,=BK,—G,k,, 
or, (E,B,) BK, =BK,—(K,B,)' 
Hence, ВК?=(К,В,)' and ВК, (К.В). 


Fig.'6) has been drawn for the case when В lies on. P,P produced. 
In the alternative when B lies on PP, produced we have only to inter-, 
change the positive and the negative signs in the above proof. 4 


Let L,0 be as before parallel to PL,. Draw во and в,0 per- 
pendieular to K,R, and K,R, at В, and В, respectively [See 
Fig. (7)]. 

K,R,—(BKE,-—E,R,, 


KR, = (BK,)'=K,R,, 


* Qf. Oarslaw, ‘Non-Huclidean Geometry’, p. 50, 5 26.6.. 


р 
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| Hence, R, E, =R,R,. 


Supposing the lines R,0, R,& (hot shown inthe figure) drawn and 
noting that in the infinite triangles L,B,Q and L,R,OQ, we have 
LL,R,0—4L,R,0 and ZR,L Ше ZR, L,Q, it follows that 


f 


Da cb 
Proof ође). Draw the lines OR, , CR, CQ,. 
Now, 714С60;- 71,00, D VOR 
on." 7 21408,4 £0,08,= 20,08, 4,08, ` 
Was d) 41, ов, +=(08,)=җ(О8; )+ 2 O8, 
"ih, — ZL,08,— 20,08, = 20,08, e ,08,, 
ог, 4 L,08,—7(08,) -«(08,)— £1, 08,. 
Hence, — 4L,08i-7(08,) and £L,08,=*(C8,). 


Fig. (8) has been drawn for the case when C lies 6 the same side of 
L, as P. When О lies on the opposite side we have only to interchange 
the positive and the negative signs in the above proof. 


Let LQ be as before and draw 8,0 and 8,0 perpendicular to ОВ, 
and CB, at §,'and Б; respectively [Fig. (8)|. It is easily seen that 
B,8,—8,8,. Reasoning өз in part (b) it follows that 


L,8,=L,8,. 


2. Тнконим IL From à point P on the side 0,0,, of а limiting tri- 
angle 0,0,0, perpendiculars PM, and РМ, are draton to the sides 0,0, 
and 0,0, respectively. Ifa line 8 through P mests 0,0, a£ T, and 
posqesses а соттоп perpendicular HT, wit 0,0, [Bee Fig. 9! then, 


ACLPT,M,)PH, РТ, =(НТ,) and M,T, =M,T,. 


7% is seen at once that 2М(РМ,-2-. М.Р is therefore the com- 
mon perpendicular to 0,0, and PM,, and Ms P is "s common per- 
кепин to 0,0, and РМ, : 


Draw the lines Е,0,, E,0,, E,Q, Perpondionist to s ab E, B, E 
respectively. [8ee Fig. (10)]. 
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Хоуғ, Е,Р=РЕ,, 

бе, Е,Т,-РТ,-РН-Е,Н, 

an ACLPT,M,)—PT, 2 PH-(HT, )’. 
Жасын; T,E,--PT, -PH--HE,, 

" ACLPT,M,)4-PT, PHA. (HT, Y, 
Hence, ACZPT,M,)—PH and PT, =(HT,)’. 


Draw М2, perpendicular to PM, at M and parallel to PT, [See 
Fig. (11)]. Now 3,2, the common parallel to T, P and 3,M is readily 
seen to be perpendicular to М.Р. It follows by applying Th. 1 (a) to 
the limiting triangle 5,5,5, that M,T, produced meets 2,2, ata 
point T such that к Е 


М.Т,--А(/МТМ,) and PT, -MT. 


Draw N,X, perpendicular to 0,0, at №, and NO, perpendicular to 
¥,3,at N [Fig. (11)]. 


Now, MN=M,N,, 
or, MT+TN=T,N,+M,T,, 
or, PT, +A(4MTM,)=(HT,)'+M,T,, 
or, ° PT, +M,T,=PT,+M,T,. 

Hence, M,T,=M,T,. 


The Figs. (10) and (11) have been drawn for the case when s lies in 
the angular region M,PQ,. In this case Н lies on PT, or PT, 
produced towards T,. The same proof with suitable modifications of 
signs holds in the alternative when s lies in the angular region M, PQ, 
and in consequence H lies on T,P produced towards P. Е 


§ 2. Correspondences between right-angled, triangles tri-rectangular 
quadrilaterals and rectangular pentagons. - 

We shall make it a convention to write down the elements of a right- 
angled triangle in the following order :— 


Hypotenuse, one acute angle, the side adjacent to it, the other side, 
the other acute angle, 
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For example the right-angled triangle (T,) shown in Fig. (12) shall 
be described as having the elements 


о A, b a шм 


Similarly the elements оѓ а tri-rectangular quadrilateral will be 
written in the following order ;— 


One side adjacent to the acute angle, the acute angle, the other 
side adjecent to it, the side opposite to theone first written, the re- 
maining side. > 

For example the tri-rectangnlar quadrilateral (Q,) shown in Fig. 
(12) shall be described as having the elements 


C, B, 1, а, т, 


iJ 
A rectangular pentagon shall be described by writing down its sides 
in order. For example the rectangular pentagor (P) shown in Fig. (12) 
may be said to have the elements 


0, v, 1, m, a’. 


1. Lobatschewsky's correspondence between a right angled triangle and 
a tri-rectangular quadrtlateral.* 


Тнконем І. То any right-angled triangle(T,) [Fig. (12)] with ele- 
ments 


e A, b, a, By 


there corresponds a tri-reotangular quadrilateral(Q,) Eig. .12)] with ele- 
ments 27 


, 
с, B, 1, а, т. 


Identify (T,) with the right-angled triangle АФ! of Fig. (1) by 
setting l ) 
L,Q,=0, 41,9,А-а, Q,A=b, AL,-a, LAL, Q =p. 


“Complete the figure by drawing PQ, perpendicnlar to AL, at P and 
parallel to Q,L,, and 0,0, the common parallel to 0, P and L,Q,. 
If AQ, meets 0,0, at Q, and L, is the foot of the perpendicular 
from L, to 0,0,, we have from $1. Th. I (а), 


AQ, =, 4 AQ,L, =f and QiL, =o. 


* Nikolai Jwanwitsch Lobaschfeskij, ' Zwei Geometrische etc. ', Loc. Cit., p. 25 
and p. 250. 


108 505 R. 0. BOSB z 
Alo ZAL,L,=2.. Hence 2. Lp, =7 рай, m. 


Thus L,Q, AL, is the tri-rectangular quadrilateral (Q » 


Conversely if we start by identifying (Q,) with the ааа 
L,Q,AL, of Fig. (1), we can by completing the figure, derive the asso» 
ciated right-angled triangle (Т,). 


9. Mukhopadhyaya’s correspondence between а tri-rectangular quadri- 
lateral and a rectangular pentagon,* 


Тнвковнм П. То any iri-rectangular quadrilateral (Qı) [Fig. (12)] 
with elements 


there corresponds a rectangular pentagon (P) [Fig. (12)] with elements 
о V, L Ст а. 


Identify (Q,) with the tri-rectangular quadrilateral BL,R,K, of 
Fig. (2) by setting 
BL,=c, ZBL,R,=8, L,R,=l, В,К,--а, K,B=m" 
e A " x s 4 
Complete the fgure by drawing PQ, perpendicular to BL, at P and 
parallel to L,E,, and 0,0, the common parallel to Q,P ала R,L,. 


If BK, and 0,0, possess the common perpendicular K ‚Ву, and Ly be 
the foot of the pespendicular from L, to 0,0,, we have 61. Th I (b) 


K,R,=m, ВК,--4 and TR, =e. 


Also £BL,L,=5. Hence £9,L,L,=7—8 and L,L,=b', 


Thus BL,L,R,K, is the rectangular pentagon (P). 


Conversely, starting with (P) we can derive (Q,). 


* в, Mukhopadhysya, Log. cit 
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Corollary. The five right-angled triangles (T,), (T,), (Т,), (T,), (T,), 
the five tri-rectangular quadrilaterals (0,), (Qs), (0.1, (Q), (Qa) and 
the rectangular pentagon (P) whose eiements are given below, form а system 
of associated figures. 


(T,) 6, A, b, a, H 
(T, ) l, T —а, ж, b, у. 
(Т) а, 


(T) b, m d mw 


(T,) m, Ы Yrs a, и 5—8. 
. (Q,) ce, В, 1, a, т”. 
- (Qa) 1, 5 —p, а, b, c. 


(9,) a’, F Y: Ы, m v. 


(90 p, x -A т, о, а. 
(9.) т, а o 0, b. 
Р) с, Ы, 1, т, a. 


` 
We have already established that (T,), (Q,) and (P) are associated 
figures. Now the elements of (P) can be writi$n in five different 


Ways, 112. 
1 


(1) с, Ы, 1, т, a’, 
(2) 1, т, а, с, Ы. 
(3) а, с, ы, 1, т. 
(4) Ы, 1, т, а А e. 
() m а, о M L 


If (T,) be regarded as corresponding to the firat of these ways of 
writing the elementa of (P), then to each of the other four ways there 
correspond in succession the right-angled triangles (T,), (T), (T,) and 
(T, Similarly if (Q,) be regarded as corresponding to the first way, 
then to the other four ways there correspond the tri-rectangular quadri- 
laterals (9,), (Qs); (Q,), and (Qa). 


9 
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$8. 4 transformation carrying ‘any Triangle tnto an associated 
Triangle. 


In order to introduce generality into our statements we have to 
introduce besides proper points, improper points and proper lines, ideal 
points, improper lines and ideal lines.* = 

All lines perpendicular to a given line p, must be regarded as pass- 
ing through a common ideal point represented by the line p. An ideal 
point will be denoted by a Greek capital letter with a suffix to denote 
the line to which the ideal point corresponds e.g., т, and X, denote 
ideal points represented by the lines p and e respectively. 


If О is an improper point, then every line of the pencil of parallels 
through Q is the representative entity of an ideal point. The locus of 
these ideal points, tqgether with the point О is an improper line—line 

„аі infinity, It will be denoted by о. 

If B is a proper point every ‘line through B is the representative 
entity of an ideal point. The locus of these ideal points is an tdeal line. 
It will be denoted by Вв. The point B can be taken as the representa- 


tive of the ideal line B5. 
We can now state, | А 
(+) Through any two points passes one and only one lind. 
(а) Any twoelines pass through one and only one common point. 


Any three points, (proper, improper or ideal) may be regarded ав 
the vertices of a Triangle (we shall always begin the word Triangle with 
T when using jt in this general sense). The three lines joining the 
points in pairs are then the sides of this Triangle. Conversely any 
three lines (proper, improper or ideal) may be regarded as the sides of 
a Triangle and their points of intersection as its vertices. 

From the general point of view adopted here, right-angled triangles, 
iri-reotangular quadrilaterals, and rectangular pentagons are to be 
regarded as Right-angled Triangles. We have in $ 2 investigated the 
correspondences between Right-angled Triangles. The transformation 
explained below helps us to generalise these results to any Triangles 
whatsoever. 


* Cf. Bonola, ' La Geometria non- қаралай ое рено) by ey 
Appendix IV, p. 227. 


е 
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21. То transform а Triangle .inio another associated to tt. 

Let (Т) be a Triangle having the proper line u for one of its siden. 
The other two sides may be proper, improper or ideal. On % take any 
two proper points Q and R so that QR and RQ are the two rays defined 

-by u. Through the vertex of (T) opposite to « draw the line w parallel 
to the ray QR. Let e be the third side of the limiting triangle two of 
whose sides are u and w. Then the Triangle (77), obtained by replacing 
the side w of (Т) by v and retaining the other two sides, will be called 
the transform of (T) with respect to the ray QR. (4) Let the vertex 
opposite to « be a proper point P. The elements of (Т') are then deter- 
mined in terms of the corresponding elements of (T) by § 1. Th. TI. 
(4) Let the vertex opposite to ч be an ideal point т, represented by 
the line p. The lines u, v, w form the sides of а limiting triangle, and 
р is perpendicular tow, Нейое p either meets one of ч and v, or else ін 
the middle parallel between them. In the former case the elements 
of (T’) are determined in terms of the corresponding elements of (T) 
by $ 1. Th. I. Tn the latter case (T) and :'I") are congruent and their 
corresponding elements are equal. (4%) The transformation becomes 
illusory when the vertex opposite to u is improper. 

Thus any Triangle can be transformed with respeot to one of the two 
rays defined by a proper side (the opposite vertex not being improper). The 
transformed Triangle is then completely determined as regards the position 
of sts sides and vertices and each one of tts elements is unambiguously 
fixed by а corresponding element of the original Triangle. 

Notice that if (Т”) is the transform of (T) with respect to the ray 
RQ, then (T”) is congruent to (Т). is. 


9. The reverse tránsformaiton. 
It is easy to find the transformation reverse to that explained 
above. If О, be the improper point common to w and *, and Q, the 
improper point common to u and v, then (T^) transformed with respect 
*io the ray 0,0, goes over into the original Triangle (Т). 
~ 


r 
2 


§4. Associated Triangles. 


According to the point of ‘view adopted in. §3, we must include 
triangles, bi-rectangular quadrilaterals, tetra-rectangular pentagons and 
rectangular hexagons, ps or orossed, under the common name of 
‘Triangles. — 

-A bi-rectangular udine shall be said to be of the first or the 
second type according as the two right angles are or-are not adjacent to 
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the same side, e.g., the bi-rectangnlar quadrilateral (Q) of Fig. (22) is of 
the first type, while the bi-rectangular quadrilateral (U) of Fig. (20) is 
of the second type. 

It should be specially noted that in the theorems I-VI that follow, 
À, p. v, а, B, y,8 indicate angles which do not exceed a right angle and 
consequently their supplements indicate angles which are not less than 
right angles. : .^ 

1. Тнковвм I. The triangle (A) and the tetra-rectangular penta- 
gons (В), (С), (D) whose elements are shown in Fig. (18) from а 
-system-of associated figures. 


Let us transform the triangle (A) as explained in § 3.1, with reepect 
to the ray Q,R,. Draw P,Q, paralla to Q, R, (See Fig. (14)] and 
0,0, the common parallel to Q, P, and R,Q,. Then the transformed 
Triangle has for its sides the lines P,Q,, P,R, and Q,0,. Let P,M,, 
P,M, be the perpendiculars drawn from P, to 0,0, and 0,0, respec- 
tively. Then Z М,Р,М,=5. Also since и andy are acute, P,M, 
lies in the angular region Q,P,R,. P,Q, therefore makes an acute 
angle with P,M,. Consequently if UX be the common perpendicular 
to P,Q, and 0,0,, then U lies on P,Q, or the prolongation of P,Q, 
towards Q,. Similarly we can prove that if VY is the common perpen- 
dicular to R,P, and 0,0,, V lies on-the prolongation of К,Р, towards 
P,. The trnsformed Triangle is then none other than the boe: 
gular pentagof Б, UXYV. From 51. Th, II we have 


Р.П-т, “ПХ-е, YV=0', VP,=n. 
Also XY=XM,+M,Y=Q,M,+M,B, =o, and LUP, V zi --A. 


Thus the pentagon P,UXYV is аен to the pentagon (В) of 
Fig. (19). 

Similarly transforming (A) with respect to the rays R,P, idi P,Q, 
respectively, we obtain figures congruent to (C), and (D). і 


Corollary (1). In the limiting case when v= ә , the triangle (А) 


becomes the right-zngled triangle (T,) of 52, (D) becomes the asso- 
ciated reotangular pentagon (P), while (B) and (О) reduce to the 
tri-rectangular quadrilaterals (Q,) and (Q,) respectively. The corres- 
pondente between figares (Т,); (P)  (Q,) and (0,) of $2 is thus a 
particular case of the correspondence established here. 
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` Gorollary (2). If we rémember that two parallel stráight lines may 


‘be regarded as including в null angle, and possessing & vanishing 


common perpendicular at infinity, then by making in the above theorem 
the angle > null, and atthe same time segments а and: b infinite, (А) 
reduces to an infinite triangle, and (B) and (C) to two infinite 
bi-rectangular quadrilaterals of the first type, whose elements are shown 
іп Ffy(15) The tetra-rectangular pentagon (D) becomes illusory. 


. The correspondences between the infinite triangle (A), and the 
infinite bi-réctangular quadrilaterals (B) and (C) of Fig. (15) can how- 
ever be established directly. In fact $1. Th. II, shows as before that 
the transforms of (A) [Fig. (15 ] with respect to the rays 9,5, ала 

Pi are respectively congruent to Br and (©) [Fig. (15)]. 


Тнкойвм П. The triangle (Е) ind the tetra-rectangular penta- 
goha (Е), (G), (E) whose elements are shown in Fig. (16) from a 
System of associated figures. 


- The T is similar to that of Theorem I. . 


Corollary. If we make v. null and at the same time the segments 
band c infinite, we get & correspondence between an infinite triangle 
(with an obtuse angle), and two infinite bi-rectangular quadrilaterals of 
the first type, one simple and the other crossed. It is easy to write down 
the elements of these figures. The pentagon (H) becomes illusory. 


2. Тнковвм ШІ. The rectangular hexagons P (L), (М), (М) 
whose elements are shawn in Fig. (17), form a ayate óf associated 
figures. . КУ | 


n The hexagon (K) may be regarded as a Triangle with proper sides 
B,C,, D,E, and F,A,. Let us transform it with ҳөврөоё to the ray 
D,E,. Todothis we draw PQ, perpendicular to A,B, at P and 
parallel to D, E, and 0,0, the common parallel to ),P and E,D,, [8ee 
Figw.(18)]:; The transformed Triangle then has for its sides the lines 
B,C,, Ғ.А, and 0,0,. Let UV be the common perpendicular to the 
айга parallel lines B, ©, and 0 ‚Оу, and XY the common perpendicular 
to ultra parallel lines 0,0, and F,A,. The transform i is then the 
rectangular hexagon A,B, UXVY. An йай of $1. TH. Ib) now 


Shows that | 2. ) 
В.Пе», UV=n,  VX-l  XY-m, > YA,=. 
Thus the hexagon А,В, UVXY is congruent to the rectangular 
hexagon (L) of Fig. (17). 
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Similarly transforming (К) with respect to the raya F,A, and B,C i 
respectively we obtain figures congruent to (M) ала (N). | 

Corollary. If the segments а andb are made infinite and at the 
same time the segmentn is made to vanish, we get a correspndence 
between a simple infinite tetra-rectangular pentagon, and two crossed 
infinite tetra-rectangular pentagons. The hexagon (N, becomes 
illusory. Р 


8. Тнковем IV. Тһе three bi-rectangular quadrilaterals (U), (V) 
апа (W), of the second type, whose elementa are shown іп Fig. (20) 
form a system of associated figures. 


The quadrilateral (U) may be regarded as a Triangle with proper 
sides A, D,, C, D, and an ideal side Bs, represented by the point B,. 


The vertex opposite the side A,D, is ideal being represented by the 
line B,C,. Transform (U) with respect to the ray D,A,. To do this 
draw PQ, perpendicular to B,C, at P and parallel to БА, and 0,0, 
the common parallel to O,P and A,D, [See Fig. (19)]. Let Y be the 
foot of the perpendicular from B, to 0,0, and D,C, produced meet 
0,0, at X. The transformed Triangle has for its sides By» O,D, and 


0,0, če., 16 is the bi-rectangular quadrilateral С, XY B. 


In case n=d, B,C, is parallel to A,D, and l=b, the quadrilaterals 
(U) and (V) are congruent. Tt is easy tosee that in Fig. (19) В,С, is 
the middle parallel between 0,0, and 0,0,. Hence B,C, XY is con- 
gruent to B d», A,. It follows that the transformed bi-rectangular 
quadrilateral B,O, XY» is congruent to (У). 


The same result follows when nd. We note that in this case B,C, 
meets 0,0, or 2,0, according as n <dorn > d From the point of 
lütepseetion we now dropa perpendicular to the other and apply $1. 
Th. I (a) and (c). 

Similarly transforming (U) with respect to the ray D,O, we ohjain 
a figure congruent to (W). 

Corollary (1). 1f we put = and у= Th QU) (V) (W) 
respectively become the figures (Q,), (T,) and (T,) of $2. 


Corollary (2). If we make the angle В null and at the same time 
the segments l and c infinite, we get a correspondence between three 
infinite .bi-rectangular quadrilaterals of the first type (having an 
obtuse angle), 
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4 Тинбвим V. “The three bi-rectangular quadrilaterals (X), (Y), (2), of 
the second type, whose elements are shown n Fig, (21) form'a system of 
associated figures,- 


The proof is similar to that of theorem IV. 

Corollary. Making the angle В null and atthe same time the seg- 
ments 1 and o infinite, we get a correspondence between three infinite 
bi -reMvangular c quadrilaterals of the second type (having an acute angle), 
one of which is simple and the other two crossed. 


Тнковкм Vl. The four bi-rectangular quadrilAterals (Q), (B), 68), 
(Т), of the first type, whose elements are shown in Fig. (22), i a system 
of assostated figures. 7 

The quadrilateral (Q) may be regarded as a Triangle with proper sides 
A,B,,B,0,,0,D, Transforming it with respect to the rays A,B,, 
D4,0, and В,0, анана, we obtain figures congruent to (Б), (B! 
ала T). - 213 ; ; ae 


Oorollary. If we make ô= gerd yt әсте “9, (R), (6), (Т) res- 


pectively become the figures P 1), (T,), bor and (T,) of 59. 
§ 5. To construct a Triangle with three angles or three sides given. 


In order to understand the scope -of the problem the existence of 
various kinds of distances and angles must be noted. For example the 
angle between a proper line p and an ideal. line y, will be measured by 
the perpendicular from the point О to the line p. Since the quadri- 
lateral (U) of Fig. (20) may be regarded ава Triangle with sides A,D,, 
C,D, and .Вв,, the problem of constructing (U), whén c, | and ё are 
given may be regarded as a particular саве of the general problem of 
constructing а Triangle with three given angles. 

1. ` Remarks on the assumptian-of continutty. ш 

The fundamental problem. of Hyperbolic Geometry ів to find the 

le т(с) having given the segment о. In order to solve this problem, 
the possibility of drawing a circle with a given radius has to be 
assumed though we do not require any hypothesis as to the intersection 
of straight lines and circles, t.e., we have no need to invoke the Principle 
of Continuity.* The converse problem, riz., that of finding the segment 
А (y) when the angle у is given can be made to depend on the 
fundamental problem}. In the constructions that follow we shall have 


* Cf. Caralaw, Гос, Oit., §48, p. 74.- 
f Cf. Hilbert, ‘Grundlagen der Geomeirie’ sechate Хайде Anhang III, p. 161, 
and Nikoloi Jwanwitech Lobagohfeskij, ‘Zwei Geometrische etc,’ Loc. Cit., p. 242, 
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е 
no need of drawing a circle except when as subsidiary to the problem in 
hand we have to find the angle of parallelism corresponding to a given 
segment or vice versa. Our constructions therefore do not depend on the 
Principle of Continusty. ; 


9. То construct u Triangle with three given angles (or sides). 


Let (Т) be а Triangle for which the three angles (or the three війев) 
are given. Transform it as explained in §3,1, with respect to a. 
two rays defined by в proper side, the vertex opposite which is not 
improper. [twil 1% found that in the transformed Triangle (T’) two 
sides and the included angle (or two angles and the included side) are 
known. We can therefore at once construct (T’). Retransforming (T) 
[víde, $3.2] we now obtain the required Triangle (Т). 

For example let it be required to construat the triangle P,Q,R, of 
Fig (13), having given the angles А, u, v. Transforming the triangle with 

respect to the ray 0, ,, we obtain as in 54.1 Th. I a tetra-rectan- 
gular pentagon P,UXYV [Fig. (14)]. For this pentagon the angle 
UP,V(=7—A), and the bounding sides UP,(=m) and VP, (=n) are 
known. Constructing this pentagon and transforming it with respect 
to XY we now obtain the required triangle. 

The same transformations suffice if instead of the angles А, р, у we 
know the sides a, b, о of P,Q,R, [Fig. (18)]. The only difference is that 
in the transformed pentagon Р, UXYV, instead of the angle UP, V and 
its bounding sides, we now know the side XY, (=a), and the segments 
XU( 2d) YV(=b') defining the adjacent ideal angles, when P,UXYV 
is regarded as af rjangle. 

Similarly thé protjem of constructing the rectangular hexagon 
A,B,O,D,B,F, of Fig. (17), having given the sides а, Б, о сап be 
solved by first transforming it with respect to the ray D,E. We now 
obtain as in $4.94. III, a orossed rectangular hexagon A,B,UVXY 
[Fig. (18)] for which A,B,(=a), B,U(=0) and A,Y (—b') are known. 
Constructing this hexagon and transforming it with respect to the ray 
VX we obtain the required hexagon. 

Again to construct the quadrilateral A,B,O,D, of Fig. (20) having 
given o, l and 8 we first transform it into an associated quadrilateral 
[vide § 4.3 Th. IV] whioh сап Ье constructed and retransformed to the 
required quadrilateral. 

It is needless to multiply examples since the same method is found 
to be effective in every case. m ў | 
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ON PLANE STRAIN AND STRESS IN вотАТ МО ELLIPTIC 
CYLINDERS AND DISKS 


BY 
BUDDHODAN @новн 
(Calcutta University) 


The problem ofthe determination of stress and strain in rotating 
elliptic cylinders and disks has been worked out by Chree* as an appli- 
cation of his general solutiont of the equations of Elasticity. But, as 
he uses cartesian co-ordinates, his method involves a large amount of 
calculations and his expressions are often far from being simple. The 
natural co-ordinates for this problem are, however ОЕ А co-ordinates 
and solutions in elegant forms can be obtained in approximate agree- 
ment with the boundary conditions in these co-ordinates. This problem 
has also been attempted in a recent paper{ by Dr. Қ, M. Basu and 
Mr. Н. М, Sen Gupta, but their solution does not satisfy the maximum 

ber of boundary conditions and is only applicable to slowly rotating 
рг with nearly circular sections, In the present paper no such 
limitation is made and the problem has been considered as a case of 
plane strain (for cylinder) or plane stress (for disk) and the stress 
function x introduced with advantage. In the case of rotating cylinders 
this function x satisfies an equation of the form V1 x=constant. 


* Phil, Mag., Vol. 84, 1892, 
7% Quarterly Journal, Vol. XXII, p. 59 ; Vol. XXII, p. 11. 
t Bull. Cal. Math. 800., Vol. XVIII, p. 141. 
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І. 


1. Ifa oylinder rotating about an axis parallel to а generator with 
angular velocity о be in a state of plane strain, its equations of motion 
can be written in terms of dilatation and rotation as follows : 


g [ Ataata | -а, 95.0 | 


S " ] а, 89.9 
By | Ate A +ipo " +2 SB =0 
where 7* zz? 4-y*. "From (1) it is evident that 


(A+2n) Д + ўро? and 2y 2 
are conjugate harmonic functions. 
The stress equations of motion are 


( EA X, potes | + 8X, 0 


(2) 





showing that the stresses are derivable from a stress function x as 
follows : 





X,-Fiport «85, Y, +4077? = 2 X,o-—. X. . (3) 


These give 


X, +Y, ptr? ViX 
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and since KstY¥,=2A+p)A —2де 


where в is the extension along the generators of the cylinder 


жы 2A+p)A=Vix—potrt 4-26. 


Now (А+ 2р) Д рш? being а plane icio 





vi X potr? + Qué is also в plane harmonic 


so that x satisfies the equation . 


2 
X= cys P 


If we use two-dimensional elliptic co-ordinates given by 


w=ccoshacosf, y=c sinha sin В 


so that . ] 


=( 94) +(@ у=: =F * (cosh 2a—cos28) 


p= 


шы чыш solution of (5) can be found as 


4 
х= im ee 4a.-- сов 48). 


BY ow o 


Hence we can write 


= рро?6% 4 
, X ыр РУ шаа 8) 


4) 


(5) 


(6) 


(7) 


(8) 
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V Xo =0. 


2. We have the stress system in curvilinear co-ordinates 


— 





да 878 
B=- X - 9^ 8x —p 9^ Әх 
$ 84807" 8: OB” OB Da 


лт 


- + РРО | 
"=з риу СУХ potr*]+2ue 


Aleo in terms of the strain components 


аа Мела + ogg) + рва, - Ae 


BB=M eaa + Sop) + 2ревв+ ХА 


Lm 


af — р4ав 


ав =X(eggt egg) + O---2u)e 


a 
: 
2 
: 
le 
3 
& 
" 
o 
КЫ 
R 
| 
© 
c 


(9) 


(10) 


(11) 


(12) 
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Equating аа 60, 22—68 and af from (10), (11) and (12) we have 


O'x , Btx 253 
м(9% +6 —po*r 


=A 4i) EOL 2, ЕЛЕР 








(18) 
9 8x a 2 if = =0 
2. | ^X амь) — È | "35 +2p0 
Ә [рх Ө T ðX 12,44] =0 
8. L* oF Шалы ыты 
The last two equations of (18) can be written as 
814 Ox {і ӘР 
"X 7 8a th BB 
(14) 
° „Өх ,1 OP 
В+ Ba 
where V!P=0. 2. (15) 


Substituting in the first equation of (13) we ой for P also the 
equation 


A+ 2p ә" н 
Аны 52-0 —po*r е 


which again reduces to 


+з, oss KS о 4 87 Xo ) 





=А+н 12. 1 ӘР Ә (1 ӘР ` 
т "a aa Se +в Ъз ба { +ам, .. (16) 
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In terms of Pipino: co-ordinates bhe stresses in (11) can be written as 
5 ағ 


I ==(cosh 2a—cos 2p) Ө 9 *X 4.ginh 25. 9X 


әв" “8a 

—sin 28-9Х 94 
-® uS 2а--сов 28) (cosh 2a—cos 28)* a) 
aß = -- a— a ax 
is (cosh 2a—cos n Xi, + sinh 2 Өй 


+sin 28 9x 





3. Let us apply the above solution to a cylinder with elliptic 
boundary а-=а,. Then at this boundary 


ac=0, aB=0. .. (18) 
Assume the following solution of (9) - с 
Xo 789 cosh eA cosh 2а--а, cosh 4a) cos 28 
+ (a, cosh Jata, cosh 4a) сов 48. .. (19) 


Then from ©?) sand (18) we have the following equations for the 
constants : 











„=з A ке cosh 2a, AE E 

меваи A eds _ ЖӨ О 

d= Д роо ГЇ. Ав. ae 22. (20) 
— mb 

dom bo Ata 1 


88% А+ ^^ шыс 


V 
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If the longitudinal tension be so adjusted thatthe length of the 
cylinder is maintained constant, we have e=0. If on the other hand 


the longitudinal extension be so adjusted that the tractions а: at the 
ends have no statical resultant, we have 


ao paw К 
\ ) тұ dadp=0. р .. (81) 


0. 8-0 


Substituting for ze and eimplifying we find 


2X la(S9eF23Y __ А Б " 
(бо 2° 3 QUA в 380-35) ^^ c? cosh 2a, =0. 


Therefore 
meno МЕНЮНУ. coh 2a .. (22) 
Su(3A-F 2и) ^ 


in agreement with the result obtained by Chree. ° 


We have for 1 ӘР and 1 ӘР the values 





h Oa h? GB. 
`  18P. Ас. AAH) _ 
b Oe ЗОО e sin 284- "AE [(—a, 


+a, cosh 4а) sin 28--a, cosh 2a sin 46] 





А e. 198) 
1 ӘР =— Аре e Binh 93.4.2022. 
H Ah 


х [а, sinh дафа, sinh 4a cos 20 


6 --а, sith 2а сов 48) ) 
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4. In the case of а rotating elliptic plate we assume a state of 
plane stress defined by 





X,Y, =Z, =0 
1 в = 9 Е 
X, + ро? = 91, Y, те v 8 X, * ssa (24) 
5 T 
Х,-- Baby 


Since there are body forces whose components are —pw*s#, —po*y, 0, 
we have as in Art. 92 (sv) Love’s Theory of Plasticity (8rd ed.) 


2Ағы B'O 4p) 2i > 


з 
ware 84-24. Әс А<ды. 








А+) O9'O.. SAH) oes 
BA+2n ду? A824 ^ 








V!Y,4 


(25) 








20-k Әбд Bd н 


3 
V'Z.* BA+2n Әз Хак” 





2At+z) 826 _ 
V'Y,.c T2. 8y8s 





and two similar equations for Z,, and X, 





where *O=X,+Y,+2Z,. 
Proceeding with equations (25) as in Art. 145, Love’s Theory m 
Elasticity (8rd ed.), we have. : 
=ҳо+Х12— Ови purr tet (26) 
EL CET o © Ади) 
where 
V #ху==в constant k (say). . 
А 
У ќхо= аныя . E E ч, (27) 


and Qo V ?xo—po өй 


| 
| 
1 
1 
I 
i 
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! 
~. 


1 A25 


fat 
18 Xe ———— potet (cosh tak oos f) 


If we put Xo™Xo F =a 
| 


then V fx,’ =0. “. (28) 


The displacements are given by (14) where P satisfies (15) and 


TETEE «(E $3 





40») 1 m 
Бітті (V „Хо + ke) EST potz, we (99) 
The terms in P dependefft on + aré given by 
1 ӘР __ [ Xu А 2? | ot gi 
a bela (5:7 ші Шы a 
“eee (30) 
1OP_f Ate, ^ ы КҮРЕ 
В KE” А2) pore | c* sinh 2а 
Also since сб, ai r0, we can easily show that 
Xi Mte а 
пер IPTE j^ (cosh 2a -F cos 28) 
MBA 4-34) i 
TRS ket— ASAT OA pats? |. (31 
р 9*7 уух” |. 80 


5. То apply the above solution to a plate whose boundary is given 
by a=a,, we assume 


х,=0 | 
Xo =t, cosh 2а4 (a, --a,' cosh 2а-Ға, cosh 4a) cos 28 .. (82) 
+ (а, cosh 2a-4-a,' cosh 4a) cos 48 


With the help of (26), (27) and (82) we can determine the stress 
T X, X, and Y, given by (24) or the equivalent stresa system 


ea, af and BB given by the first three equations of (10). 
4 2 
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ж 
Assuming that on the boundary aa, we have 


1 i 
| ба де-0 ы) of da 0 


-l . -l 


where Ql is the thickness of the plate, we have the following equations 
„йог the constants in (32). + . -. ME: 

1 AIAH 94) КЕТ ^ 

738 REDE 





l Tes 
198 АЖА 





+- *o* cogh 2a, 


de ACSA 4- 2p porone cosh 2a, 
-ф (А--а)(8А--Әш) 2+cosh 40, 





on ЖУ раза” 1 544-24 24-3 Nadia 
256 3 Ажи 9-4 cosh 4a, 





uer 
bad . d 


1 $X4-2, 1 
imd Ara ШЫЙ суут түй 


- 


G4 ——- xa 





Lol 926 0 4% _ cosh 2a, _ 
2304 Atp 779 Boosh 4a, 
J 


Іп conclusion 1 wish to express my thanks to Dr. N.*R. Sen ior 
guidance in course of the work. 
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ON THE STRONG SUMMABILITY (C1) OF THE FOURIER SERIES 
OF A FUNCTION AT A POINT WHERE THE FUNOTION HAS 
AN INFINITE DISCONTINUITY OF THE 
SECOND KIND “ 


BY 
Ффамввн Prasan 
(University of Calcutta) 


The object of the present paper is to formulate a definite answer to 
the following question :—Oan the Fourier series of a function f(z) be 
strongly summable (C1) at a point ғ, where (а) has an infinite dis- 
continuity of the second kind such that 


з@) Ао +/(—#)—®# | (оов W), 


ХӘ) and (Ф) being both monotone functions which tend to infinity as % 
tends to о and being the sum (O1) at ғо? The criterion, which 
Hardy and Littlewood* gave in 1927, is the most comprehensive of the 
various criteria published up to now, but it is nov satisfied in the cases 
covered by the aforesaid question. Notwithstanding the failure of 
the criterion of Hardy and Littlewood to enable us toanswer the 


question, I prove that, if E 

~ t 

y zlog ә к, x t, and, further, | (x60 : du (17^ where 1>A>0, 
0 


then there is strongly summability, and 


for every positive 4. 


* Proo. І. М. 8., Ser. 2, Vol. 26, рр. 278-287. 
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For the sake of simplicity, r, is taken to be 0, f(t) is taken to be an 
even function and its mean value is taken to be zero. 


Preliminary Results. 
1. For the sake.of convenience, the following results are quoted here 


from my previous papers, y(t) being > log 2. and X, being 4 t .— 


y 
(Ay* Tho series is summable (01) to 0. 
3 5 
өң $(/)d£—0(8), but \ | (t) | dé has an infinite differential 
0 0 


co-efficient at $—0 and is therefore not even 0(8). 


t 
E ips MT l а(х 
of x(t) сов pa sin Vt ( x) сов Wo, 5 


0 


so that for small values of ¢ the integral behaves as X, sin y. 


a Question answered. 
e 


. 
2. I proceed to prove the truth of the answer, vtz., that, if 


e i 
V > logi, pe реу АА, 
0 


where А is a positive proper fraction, then 
= 


2 | ons | =0(n) 





for every positive 4. - 


* Bulletiu of the Calcutta Mathematical Sootety, Vol. ХІХ, рр. 51-68. 
+ Ibid, pp. 1-12. 
ў Ibid, foot note of p. 58. 
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Proof: * | 


Following the previons writers, let 


т i 
МЕСЕ 


sin $t 
.0 


= | sin ті, cot soar) sin ті. cot 45f(t)dt 


0 k 
- e n 


+ Vos nt. f(t)dt, 
б H à 


where К is fixed beforehand, and let the above three integrals be respec- 
tively denoted by a,, Bay Ya- 


By Minkowski's inequality 


„(21-17 = ($ 








5 
(ШАЛЫ в 


1 А 
“[У + (Ele 





and I proceed to consider the three sums separately, 


t 
(a) Let stand for and ЕСІ) for | Аша». Then, integrating 


я : 0 

by parts, RM ` 

À "E Қ ^ 

* This proof is based on the proofs of Carleman (Proc. L. M. 8., Ber. 9, Vol. 
91), Sutton (Proc. L. M. B., Ber. 2, Vol. 28), and Hardy and Littlewood (1.о.). 
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а„=вїп mr соь фт (т) 


Ae cos тё cot i-i sin mt cogeo* 34) F(2)di. 


0 


Now, according to (О) of Art. 1, Fir) behaves as e which, 





again, by hypothesis œ т. Therefore, for small values of т, 
sin m r cot 4 т F(r) -0(1). 


Also 





т ЕЕ cot $ F(t) dé | < 


т 
+ \ віп mí совео? tt. F(t) dt | < т? А 


0 0 








and 











Thus we havp ° | Е 
a, 201), І 


and, consequently, for n>a number n, (е, k) dependent оп в and k, 


Gla 
(b В.= (ы mt cob + t. f(t) dé 


2 
г (44% 
2 (ы TE F aa me to du at 
T- - 0 


y "m (1) 
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т 
ш--іфтсобфт. с„(т)+}т | coseo? $ é c,(£) dé (9) 
T 


by integrating by parts, o.(s) standing for the mth Fourier sine co- 
efficient of the odd function f,(¢) which is equal to ДӘ) in (о, s) and to 
zero in (8, т). { 


Applying Minkowski’s inequality to (2) we һауе, 
1 1 
ы 4.1 1 = 4 
(SA отот (210691) 
е 
т 1 
У = 
+ 1 | cosec* 1 (s 1 ealt) |" y di ww» (8) 
4 275 
T 
But, by Hausdorff’s inequality,* 
1 i 1 
2 „үт 1 са Т 
> bo 1 )4<(- VIAL de 
1 e 


t 
«(t \ ОЗЫ а уг, i 


ті 


4 standing for ai and q being assumed to be greater than 2. 


* If a, be the typical Fourier constant of a funotion f(z) whose rth power 


summable and if 141 -1,8>7, then 
т 8 


m і 
[ > rats |? «i 
k-0 T 


т 
-F 


1 
мете]. 


(Math, Zeit., Ва, 16, рр. 163-169), 
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But | Ҳо) | < x(u) for every small Value of v. Therefore 


= t t ` i^ ез 
| | Ifl) |” du 2 \ ч) *' du eder du. 
-і 0 " 0 


Now x is unbounded and monotone ; consequently 


420 fe)" « xo) 
өвд <2. Therefore 


t i 5 
| Íx(u)]*' du < | хур du «* P7 by hypothesis. 
2” 0 


Therefore 


1 1 
— 27-2! 
(31e01:)* <a 4 


where А I8 в constant. 


Using this inequality in (3), we have, for small values of т, 





1 у^ 1 ^ 
<В. 4 448, Вт 1 zd 
where D is a constant, 
Thus ib is proved that 
үп ЕК 
(Ziet) «« ы .. (4 


where e, is a function of k'only which tends to 0 when k—35»oo, 
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(о) It ів obvious that y, ——»0, во that 


1 


1 = 
(вам) < «в e @) 


for n>a number з, є) dependent on є. 


(d) Using (1), (4) and (5) in (I), we have 


1 1 А 
n - 2+ 
«(s ie)? < (e, t26) nI 9 ifn is greater than n, and n,. 
1 


Since +2 <1, by choice frst of k and then of n,it is proved that 
q . 


(> | Saj è Ja =0(0 


Failure of the criterion of Hardy and Intilewood. 


3. The criterion of Hardy and Littlewood has been stated by them 
as follows: 


t t 
“lf p>l wa lelu)” azoa $(u)du 20€), 


о 0 


n" 
then z | 8,--8 | *—0(n (for every positive q.” . 


Now it follows from (B) of Art. 1, that, whilst in the cases under 
consideration 


t 
| plujdu=0(ċ, 


0 


t 
| | pu) | du еч. 


0 
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Thus it is obvious that the first condition in the criterion can 
never be satisfied. Hardy and Littlewood assume (l.c. p. 277) that if 
this condition is satisfied for any value of p it will be satisfied by ull 
higher values. But аз p mày be as near as we please to 1, it is obvious 
that the condition can never be satisfied for any р>1. 


Notwithstanding the fact that the first condition of the criterion 
is not satisfied, there is strong summability as proved in the preceding 
article. Therefore the failure of the criterion of Hardy and Littlewood 
has been established. 


Conclusion. 

4, Іп their paper, Hardy and Littlewgod say of their criterion that 

it “has more the uir of finality ” than the criteria of Carleman and 

Sutton. But, іп reality, the problem of the strong summability (C1) at 

a given point is of the same class as the problem of ordinary conver- 

gence or ordinary summability, and there is as little chance of a stage 

of finality having been reached in reference to any one of these prob- 
lems as in reference to the other two 


I refrain from giving certain obvious generalizations of the result 
proved in Art. 2. 


I have proved * that a function can be found the Fourier series of 
which may be ordinarily summable (C1 at a given point even if 


$ t 
\ $(u)duzO(t). 
0 -. 


It is likely that for some of such functions there may be even 
strong summability. К с 


* Bulletin of the Calcutta Mathematical Society, Vol. ХІХ, pp. 51-58. 
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NoTE ON THE DIFFERENCE EQUATIONS DEFINING 
|. ENUMERATIVE ARITHMETICAL FUNOTIONS 


BY 


Е. T. BELL 
e 


(California) 


1. If Қа) takes a single finite value for each integral value = 0 of 

* z, we call f(x) an arithmetical function of x. For example, N,(z), the 
number of representations of n as the sum of p integral squares, with 
roots = 0, the arrangements of the squares in a given representation 


being taken into account, is an arithmetical function of 2. 


Many of the most interesting arithmetical:functions in the literature 
are definable by linear difference equations, and conversely, the oconr- 
rence of a function in one of these linear difference, equations serves to 
define it. The simplest identities between elliptic theta constants or 
functions provide us with an inexhaustible store of such difference 
equations and their solutions. We shall illustrate (hese by two 
instances, the first of which gives а fundamental formula relating to 
the number of representations of an integer as the sum of an even 
number of squares. 


2, In his note ‘ sur le nombre des representations des nombres par 


une somme d'un nombre pair de carrós,* J. V. Ouspensky gives the 
following theorem. If (s) is an arithmetical function defined for 


n=0, 1, 2,..., and if 6(0)=1, 


(D пр) 9 -;)-0,  (G-01 32...) 


* Bulletsn de U'Académio des Goienoes de l'U RSS, 1925, p. 647, 
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the sum referring to j and continuing so long as n—j?50, then ®(n)= 
N,(n). Since this difference equation determines ®(k) (k=l, 2,...) 
successively and uniquely from Ф(0), it is sufficient to prove that N,(n) 
satisfies the same equation, namely 


(2) X[n—(p-1j*]N,(n—j*) ZO. 


Professor Ouspensky gives & purely arithmetical proof of the last. 
An algebraic proot, however, more readily suggests the means by which 
such theorems may be written down ab wil, We give such a proof 
next. 


3. If, in the usual notation, | 
9,04) 0, 7 3d =1-+27+24* 94° +9414... 
we have 
65 =3q"N, (x), 
the 2 referring to n=0, 1, 2,..., and hence 
0, ZX'Ng,(n) x x. 
tos 3g" NI»), 


the'second X referring to j=0, +1, +2,..., and continuing so long as 
3° <n, ав befoxe. To both sides of the last identity apply the operation 


d us 
— . Then 
7d 
(9*9? Ө, — Зана, (о), 
the left of which is 
(»-- 1)3g" N p(n) худ" 


(раи, a9]. 


i 
І 
t 
j 
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: Hence, by equating coefficients of g* we get (2). The origin of (2) 
therefore appears in ‘the obvious remark that an identity remains an 
identity after differentiation. Olearly the like can be applied indefi- 
nitely. . . : A А . E 


А 


4. It will be sufficient to state ihe ake as ita ои is by the same 
device of differentiating two trivial identities, namely 


617 (4%)6:(4%):-0,(44) x 6; (49% (g*), ` 


Ө, (4607 (q*)6,(g*) x 05 (g*)0; (a*), 
where 


6, (9*)— X" (hi 41,43, +5,...). 


Let N(n; ғ, ғ) denote the number of representations of n as the sum 
of r--s integral squares, with roots 5 0, precisely r of which are odd 
and occupy the first r places in each of the representations. Then 

0, (9*)0,' (9*) —3q*  *"N(4n-v; v, з), 


the X referring ton —0,1,2,.... Proceeding as indicated, we get the pair 
of linear difference equations, which, with the obvious initial conditions, 
uniquely define N(n; т, s) . 


(3) X[An-r4-l1— (tI ]N(4n e r-- 1—A* ; rs) 


=X (бае 1—09) +41, 5—1), 


4) 5[Ф+ту—(+1)5#] N(n-der— k’; +, з) 


—rZÀ* N(4n-+-r—ht; r—1, 8-51), 
| 


the 2 referring toh=+1, +8, +5,..., k=O, +2, +4, +6,..., and 
continuing so long as all arguments of N are > 0. 
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In (4) replace r by "+1, s by s—1. Then, by elimination between 
the result and (3), we find 


SN(4n4741—k3; r+1, s—1) ZXN(4n-Fr1—À5; т, в), 
which is equivalent to the identity 
67 (4967 (q*) х0,(49)--6; (496, (4%) х0,(4%» 


thus providing a check. 


Bull. Cal. Math. Soc., Vol, ХІХ, No. 3 (1928). 
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ON THE SOLUTION OF THE GENERAL ALGEBRAIC EQUATION 
IN A SYMMETRIOAL FORM 
BY _ 
-7 NBIPENDRANATH GHOSE 
(Caleutia University) 

1. Ina recent paper *eI havdpiven а gerneràlization of the well- 
known inversion formula of Lagrange. The new formula, obtained by 
me, contains within itself the solution in series of any equation, 
algebraic or transcendental. When an equation admits of being trans- 
formed into the form (1) considered below, the solution in series, as 


directly obtained from the formula, has got an elegant and compact 
presentation, which it is the object of this paper to elucidate. 


2. Starting then with an equation expressed in the form 
v" zo" te? (a, tarta He tag?) we (1) 


where m and 4 are positive integers and p is in generala fraction, let 
us consider а region within the circle О enclosing a fogt о of the equa- 
tion 2"—w"=0, Suppose that the co-effoients { а, | of the equation 


(1) are such that along the entire circumference of the circle O the 
condition . 


|а" о" | > [2z'(a,-Fa,s43-0,:* +... а,в") | 
is satisfied ; then the equation (1) has а ilius root $ within the circle, 
' Now writing (a, 34: a42* -- ...-F 0,27)" in the expanded form 
„Aot LAS Aati h LA B Rs b Ag tl” t 
and by applying the formula (1) of my previous paper 


* Bul. Cai, Math, Socisty, Vol, ХІХ, No, 1, pp. 31-94. 
+ For the oaloulation of the co-efficients ,A, вве my paper in Vol, XIV, Мо, 8, 


of this Bulletin, 
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v(£) is given by the convergent series 


FE. = [al mo*^! aye 


-u+ 





Plo) 5 PLZ J 


Choosing V (2) such that у’ (Ә- ТІ, where vis an arbitrary cons- 
tant we can express the above as 


T—1 qr E 
von EI GI "а E aen] 
av g preety 
or, (a) + z was — do & (ft --1 ) 


1 


*s—9m- 
x, A, а?" s—-9mt» ] 


the ultimate form being 


41 г+8— y 
WE.) 4 z PX m o. да тн SD) 


where 


rP. for r>1 denotes the number 


| (eue ul) (ише з) „ fere on) 


and for r=1 is équivalent to 1. 


3. Oonsider now а term 





1 Е А Ыт +» (3) 
rim Sud ҰР. Ё. , 2002. 


from (2) above. Let us choose a quantity 7' such that 
(r1) m—1 qr. 


If now the upper limit of summation in (3) be extended to 
(7 +1) m—1, the value of the term will remain the same, because 
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A,=0 when s>gr. The expression (3) can then be written in а 
compact form І 


т--1 


1 » 
rim т "Ра wht tat ... (4) 


where „и, stands for 
«7^ (p, LÀ, ка" spese Anpa tO орда Аааа фа 
HoP ЖЕР ҮІ 
Treating each of the other terms in the same manner, we can 


express (2) in the form 
е е 


К = =: preety 
YE = (о) + Z a = еа ма (5) 


4. Lett be the least positive integral number so chosen that the 
product xp ін ап integer. Form now the function 





"На а тке Шар Ser ee DN DRE гъ а-а r 
ГІ Geol T (E rnt Gea TU 


denoted by ,y,, where the suffixes (s— kpt) are all to lie between O and 
т-1. If for any integer k, s—kpt <0 or >m—1, en we replace in 
the above the (k--1)** term by " 


ot r+kt s—kpttlm , 
(+) 


where J is to be such an integer that s—kpt+lm lies within 0 and 


т--1. 


„у. being defined in this manner, the series (5) after further 
grouping of terms may be expressed in the form 


1 i m-l 0 - 2 
ИӘ) 2, m aUe. > (6) 
Mm ті 8-0 
There is no loss of generality if we assume co"—1. The functions 


ry. are then also involved in similar expressions for the remaining 
roots of the equation (1). The importance of these functions 


6 
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in the complete'solátion of the equation i$ therefore evident. In 'gener- 
al, these functions will be convergent for sufficiently small values of 
| а, | * 


` 


If p is an integer 2 is equal to 1 and the formula (6) reduces to 


i" 5556 ips 


Әз Wee > “уе тет” ve (7) 


5. The equation (1) when р із an integer has been used as.a basis 
for the solution of the g eneral algebraic equation by means of series. 
In the year 1895, McClintock * gave a method of calculating all the 
roots of an algebraic equation by transformigg it in different ways to 
this standard form, securing by-each such transformation a certain 
number of unequal roots of the original equation. The formula (7) of 
this paper serves to express these roots in a symmetrical and compact 
form. 


її а, iubes of papers Prof, Birkeland t has PT the кше 
of presenting the roots of the general algebraic equation by means of 
known functions. Starting from a standard form akin to (1) his analy- 
sis has enabled him to express its roots às & linear sum of a certain 
number of hypergeometric series of many variables. 


It may be noticed that when ай eqüation' i is particularly rich in 
nearly equal roots the standard form (1) when | р is an "integer becomes 
unsuitable. ee 


My best thanks are “dae to Prof. Ganesh Fraud for his kind. interest 
and encouragement. 


Ф 
7% Amarican Journal of Mathematics, Vol, XVII, pp. 89-110. - 


t ' Resolution de l'equation algebrique generale par des fonctions hypergeometri- 
ques de plusieurs variables, O.R, Vol. 171, * Über die  Auflógung algebraisoher 
Gleichungen durch hyporgeometrisohe Fanktionen,’ Math, Zeit., Band 20, Heft 4 


.. Bull. Oal. Math. Soc., Vol, XIX, No. 8 (1928). 


6 


ON THE EXPANSION OF Ü IN THE MEAN VALUE THEOREM 
OF THE DIFFERENTIAL CALCULUS - 


>< BY . 
BHOLANATH PAL 


— -7 (байна) | * 
1. The objeot of the present peper is to show how the general term 
* in the expansion, 2----: — 
af 
$ КТІ ^ o E „ (1) 
Шақа Leg ed Ji i 


can be obtained, 0 being the function which ocours in the mean value 
theorem of the Differential Caloulus, т $65 ; the théorem | е 


Hee) =f(a)+h fs (а). (9) 


In Edwards's* “Tréatise on the Differential Calculus,” A,, A,, 
A,, A, have been given, and Whitcomt+ gave alsothe values of A, and 
А, Igivethevalues of two more co-efficients A, and Ay, Pe 
further, I give the general linear equation connecting Ay, À,, А,)...А 
which, when solved simultaneously with (к similar „шна ү 
A, and the preceding có-efficients. ` 


It is believed.that my results are new. ў 


м | 
* Joseph Edwarda : “Ап Elementary Treatise on the Differential Calonlus", 
pp. 108, 110. Е ы 
+ A. W. Whiteom : “ Ош the реш of Ф(=+№)," American Journal ој Mathe. 


matios, Vol. HI. 
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2. The known co-efficients are 


hj 3f Hoy 
зі 3a 7,4 7199 V ], 


-fB fa 49 ffe 7 ftf. 
CIE pa. dio ES 82 ўв 





< осы 


1 
716 2 fs 








_ 1719 fe 3I fafa 015 fife 55 fef 
a= [we 2 sr ft ta “уа X8 f 


5 faf 53 Аһ 185 f,* 
tig f 384 vs trea fe 


where fa, fas fas stand for Jalo), fale), f) the second, third, 
fourth,,..derivatives of f(z). 


3. Expanding (2) by Taylor's theorem and putting the value of 0 as 
in (1) and then comparing the co-efficients of different powers of h, we 
get a series of simultaneous equations. Comparing the co-efficients of 
h**3, we have 


A. fs +А,А, № +А,А, „№, ФАЗА аў c ee 
1 
түз 


1 1 
+3 A» А.А А,А, у, 


А? Anos fa АА, Anafe ЖА, А.А... ],+}...... 


1,% 
жүз Ao А,А,-, f. 


| 
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1 1 
ta А А,-,],+ |8 A Ai A f. б 
ә | - “ М u 
! Я E С 
ls 
Жүз А, А.А, + eae 


jdn. d pis 
+ А, А.-, feat; А, ; А;А,_,_; fos 


Е. 142 
+H e i А,А,.,-з һы +... 


е 


1 dci 1 қ 
аа А, Af... Га-5 A," A, Asfa-s 





1 1 ass 








Ыр [2—5 А, А, fans 
1 1 “= 1 ‚= 
ЫЕ | n—6 А, в A А, fest „1, А6 T А, tans 
1 А-а 1 - А 
Ба үстеу 0 8 fx +154 А, afe 


LE. vocans 
+73 [s-58 A, A? f. 


A Аз}, 


1 s> I 1 
+ —9 А, Afa rg 


[»—2 12—8 


1 


Е 


ТЕ ДС 1, 
қаш Ао “А, mmt gr Ao” Бал [nt fats 


This equation, solved simultaneously with (n—1) similar equations, 
that are obtained by comparing the co-efflcients of h*, 2, h*,......A"*? , 
will give the value of A, in terms of the derivatives f,(2), f,(2), 
У. (=), жа (с). Ttis easy to see that these (n—1) equations can 
be obtained from the given equation by giving different values to n. 
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4, Thus we have 


15 fe— 
А 






fr lë Ау Ен "m 


— 





1] 
ES 


КЕНЕН 


ГАЈА ЕК pe +h! Ce ЕА 








175 
n f^ 038 7,» 32 7,5764 A? 198 fs 





is Al 247 f, 97 ff, 4703 ff, 5551 7,77, 
[7L 18432 f, 1536 f,* 3072 f, 9216 f, 


. 


55863 7,47, ee Lf цай ff" 


55296 BIN 7648 f," “9904 f," 








245 Safa’ ,287 f,*f, 8253 f. ff. 
77768: Еді 812. ft. 78079 f,‘ 


p119 ft |35], _5% ful 
30720 5t 64 f,* 3072 f, 








1 


“71 ef, _ 0695 fa? 
"912 f,' 18488 f," 
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ON CERTAIN MODULAR EQUATIONS AND COMPLEX - 
- MULTIPLICATION MODULI... -- .,- 


m -0- put yes Jee Е А 2% Ж 


BY- ' Lx ic да 
с «B.C. Mitra -r uv 
ig ecd Siem den (Paces Unineraity) ,- ауы Чё душе, 


Ld. “Pho objeot of the present note is (4) to determine the modular 
equations of the 131et and 151st orders and (#7) to deduce the complex 
multiplication moduli for the determinants A =185, 147 and 863. *- The 
procedure она by me ің che: same as that of Russell. t | 


Тһе notation used i is the following - E: в TM 


е-е. 15 4 ^n. 
‘ ' 


' ies modnlus of the elliptic function, ` 


ОЕА ofgtho transforied" elliptie function. 


NEVIN | JE IM Ш 


PEVA + PX 2d 


R=- VANY; | TM е ee 


КТС AX. 2 


* According to Pascal's e" der Math. (шеш edition) and the list given 
by М. Hanna ( Proo, L. М, S., Seriés 2, Vol. 98; April, 1928) the modular equations 
of the 181st and 1518 orders have not been given by any previous writer. Similarly 
according to the late Bir George Greenhill (Proo.. L. М. 8.; Series 1, Vols, 10 arid 21) 
the complex multiplication moduli for the determinante A=185 and 868 have not 
been given by any previo "writers, while the-clasa-invariant-under A =147 has. been 
given by Berwick (Proc. L,|M. S., Series 2, Vol. 28, d 1928) but his method is 
entirely different from that of mine; - = . - - ары OE ID uu ш 

f Proc. І. M. S., Beriea 1, Vol. 21. EE s t 
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P,=VA + VN —1, Ы 
О, = МЕА — VEX -VEN , 


В,=— УТАА. 


2. - Modular Equation of the 18184 order. 

The modular equation can be writtén in the form 
р!'+(16В,)Җа,Р!°+а,Р,*0, Ha P,Q, Ha, P, tQ Ha, P,Q 
42,Q,*) - (16R,)* (b, P, 4-5, P, Q, +3,P,°Q,*+b,P,°Q,? 
T5,P,Q,*)-- (10R,)(o, P, * Fe, P,*Q, o, P, *Q, c, P,Q 6,01%) 
“+ (16R,)* (2, P7 +2:Р Q, d, P? Qt +d, P,Q.) t (16R,)* е, P. 
+е,Р;*9,+6.Р,'9,* +6,Q,°) - (106R,)* (f, P,* - f,P,*Q, HFP) 
+вв, P, +ga P, *Q, +9501") +(16R, 1 (P, * +0, P,Q) 
+(16R,)° (f, P,* -f,QU-(068,) . (g,'P,) e (068,) 5 h, 50, 

(a) If we put VA = УР,УХ- Vk we obtain an equation in 
sz (4kk y? corresponding to o= /—131 , У--П5 and /—67. 

(b) If we б е =E, AX zz МЕ, we obtain an equation in 
s (1647) corresponding to өзе У-1%, /—% and 4/—81. 


This gives us sufficient number of equations to determine all the 
co-efficients. А few co-efficients can be easily obtained by means of the 
“q” formulae. 1 have obtained the following :— 


a,=—186, a, 9920, a, = —129792, a, =16°.158 
a, = —16*.21, a, =16°, b, =4220, b,  —3392 
b, =— 236544, b, — 064. 15808, b, = —16*.17 


‘c= —19581, о, 2179008, c, = —797696, o, 19249980, 


c, = — 524988, d, = —22222, d, —141520, - 


1 
| 
1 
1 
! 
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+ d, ——16.18872, d, 2:16* 17, өү 10402, e, = 81984, 
6,7: —183120, е, —16*.77, е, "16604, 6, = —36848, 
f, zz — 9801, f, —54836, f, = — 109656, ў,'= — 7037, 
f, 514304, g, = — 83448, g, =16,4571, g, =— 56576, 


g,'=150, В, 2900. Nn 


8. Modular Equation of the 151st order. 


Proceeding exactly as in the preceding Art, we get the modular 
equation М 


Pe E R(a, P!* a, P!*Q-r a, P!  Q* Ea, POQ a, P*Q* +a, P*Q* 
+a, PAQ* a, PQ -a,Q*) +В" (5, P?* +b, P1 Q 4-5, POQ +D, PTQ? 
o, P!Q* +o, PQ eer PQ*) +R (e, P1? o, PQ ра" | 
o, PAQ? eos P*Q* +0,Q°) B^ (2,P! d, P*Q--d, PQ? 4, PQ). . 
+R (e; P^ +6,P*Q+e,Q2) +R" (f,P)=0 ; | 


where 
a, =—4612, а, = 4.28328, a, = — 10354596, a, = 64.42608 ` 
a, = —256 22576, а,--1094,0879, a, = —1188%096, 
а,-ш108.16384, a, = — 256.1024, b, = — 16.458, 
b, = — 16.2744, b, =64.20924, b, =— 256.23372, 
b, =1024, 9536, b, = —1452,4096, b, =79.16884, 
0, =64.4154, 0, =—64.66712, с,--64.267280, 
с, = — 128. 194432, сұ--256.46848, o, = —1024.1664, 
d, =256.5073, d, = —956.23439, d, =64.186512, 
d, = —256.10816, e, = —435200, e, 2843776, 


e, = —198.6144, f, =89768. 
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4. Ihave also calculated the following complex multiplication 
moduli. 


Let z-16kM. 
A 185. 
(295 —333 +62+11)* —9(3.* — 5)! =0. 


A 147. 


(a? —85* + 812—1)* — 21.30 ° =0, 


Let һе Үү 


nnn MCN y 


A =363. 
1692 +32 29/2511 -176 6° +176 447-176 028° 88 аз 
—8 vds +1=0. 


The last two complex multiplication moduli were obtained by putting 
АА! =} in the modular equations of the 7th and 11th orders respectively. 

My best thanks are due to Dr. Ganesh Prasad who kindly suggested 
the problem to me and took great interest in the preparation of the 
paper. 

Bull. Oal. Math. Soc., Vol. XIX, No. 3 (1998). 


| A NOTICE 


THE TWENTIETH ANNIVERSARY OF THE FOUNDATION OF 
THE CALCUTTA MATHEMATICAL SOCIETY. 


At its last annual meeting, the Oalcutta Mathematical Society 
resolved to celebrate the twentieth year of its foundation by bringing 
out in Volume XX of its Bulletin, to be also called the Commemoration 
Volume, а collection of original papers, by eminent mathematicians all 
over the world, on Pure Mathematics, Applied Mathematics, Astronomy 
and the History of Mathematics and Astronomy. The Society also 
resolved that the President, Dr. Ganesh Prasad, Hardinge Professor of 
Higher Mathematics, be requested to invite contributions to the Com- 
memoration Volume. It is gratifying to-note that the invitations sent 
out by Professor Ganesh Prasad have met with very encouraging 
response. Most of the mathematicians, invited to send contributions, 
have expressed their appreciation of the honour done to them by the 
invitation, and many of them have eitber already sent their contri- 
butions or promised to send them in the near future. Papers have been 
received from Sir Frank Dyson (Astronomer Royal of England) and 
Professors Sir Joseph Larmor . Cambridge), Horace Lamb (Cambridge), 
А. Б. Forsyth (London), Ludwig Bieberbach (Berlin) Leonida Tonelli 
(Bologna', Le^pold Fejér (Budapest), В. Fueter.(Ziirich), Е. Riesz 
(Szeged, Hungary), W. Sierpinski (Warsaw), Hana “Hahn (Vienna), 
E. T. Whittaker (Edinburgh), Niels Nielsen (Copenhagen), D. E. 
Smith (New York) and Т. Hayashi (Sendai, Japan). About fifteen 
other papers are expected to reach the President in thenext few weeks. 
The Commemoration Volume will be issued in four parts, each consist- 
ing of about 80 pages. The authorities of the Calcutta University Press 
have kindly consented to make special arrangements for printing the 
volume, and it is hoped that the first part will be out in the first week 
of October next. 


: NRIPENDRANATH San, D.So., 
The 4th August, 1928. 


Honorary Secretary. 
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THER SOURCE OF THE INDIAN SOLUTION OF тни 
. §0-CALLED PELLIAN EQUATION. 


_ BY. 


SARADA КАМТА GANGULI 


490200107 (Ravenshaw Collage, Cuttack.) 


The equation Ns°+l=y° has been erroneously named after Pell 
“who had no connection with it. Во far as our present knowledge goes, 
the first Indian who attempted to find integral solutions of the equa- 
tion and was partially successful is Brahmagupta, as we shall see later 
on. His method * is as follows: 


Tf k and # are found so that . . - 


Қазасы e () 
sad . ., cs Noteka, - e (2) 
then N (ab ab) Mee QU Маа)", "EC 


This proposition will “hereafter ‘be referred" to as е eck 
Lemma. 


: . Я 
. * See Colebrooke, Algebra with Arithmetic and Mensuration from the Sanscrit of 
Brahmagupta and Bhaskara, p. 868. This book will hereafter be referred to as 
Colebrooke’s Translation or simply ая Colebrooke, | 

Also see Heath, Diophantus of Alexandria, 2nd ed., p. 282 апа Р. O. Sen Gupta, 
Bulletin of the Oaloutte Mathematical Society, Vol. X, p, 74. 

In Brahmagupta's Lemma stated below М is called the multipher, k the ksepa 
which may be positive or negative; а and b are respectively called by Brahmagupta 
the first root and the last root of the equation Nw*+k=y*, Colebrooke translates 
the keepa as. additive or subtractive according as itis positive or negative, After 
some commentator (most probably Prthudaka.Svami) Colebrooke usually calla b and 
a the “ greatest" and the “ least ” root respectively for which he uses the abbrevia- 
tions G and L. But this ів not always true when the kgepa is negatiye, Hence, 
confusion is likely. to arise in some cages if one ‘depends on Colebrooke's кам» 
ошу, -> + А 


X» 
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It, therefore, follows that 


а-а-а Ns bb'+Naa’ Ns 
эу не (GLY. 


If kk' be а perfect square, 


а +аъ ' bb' аа! 
Typ A E ae 

are rational roots of the equation Ns? --1—y*. 
If kk’ be not а perfect square, the relation (2) is to be replaced by the 
relation (1), ‘in which case the roots become, #20 and + bt Ne . 


The lower sign gives the roots (0, +1) which must be left out of con- 
sideration. Hence, we fetain the upper sign only. Relations (8) and 
(4) thus become 


N (2ab)* +k’? =(Na*+5*)8, we (5) 


* 2 
and WN (2 y gl (2+) a (8) 





Thus Brahmagupta is able to find as many rational solutions of the 
Pelliau equation as he likes. 


In case k has any one of the values +1, +3, +4, he oan solve the 
equation in integers by Tepeated application of his Lemma, * and find as 
many solutions as may be required. 


It is Bhüskarg who has first given a method of solving the equation 
in integers for all values of k.t It consists in repeated’ application of 
а corollary from Brahmagupta's Lemma until a solution of the equa- 
tion Na? +k=y? (where k=+1, +2, or +4) is found. 


The corollary is as follows: 


* See Oolebrooke's Translation, pp. 868-866, 

+ Kaye writes (Journal of the Royal Asiatic Society, 1910, p. 755): “ Bhüskara 
gives some alternative methods for the solution of the Pellinn equation, but in по 
essential does he improve on Brahmagupta," This statement shows that Kaye has 
no ides of the respective contributions of Brahmagupta and Bhiskara to the solution 
of the Pellian equation in integers. Yet, he writes authoritatively on the Hindu 
aghievements in this matter, 


i 
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` IE Nattk=d*, | 2 


l 
П 


- . 
да+ а*—М№_ | Na4-ba ) 
then v(* EIN. ( Же e 9) 








This corollary will hereafter be referred to ав Bhüskara's ОогоПагу. 

Here it is necessary that an integral value of a must be found so that - 
aat b 

b 
finding such a value has been given by Aryabhate and Brahmagupta. 

For the solution of the so-called Pellian equation in integers we are 
thus indebted to the three Indian ANDAMOS; Aryabhata, Brahma- 
gupta, and Bhüskara. 


In a paper published in the Bulletin of the Calcutta Mathematical 
Society, Vol. X, pp. 73-80, P. О. Sengupta kas ably shown that, 
although ВһазКаге/в Corollary could be derived from foreign sources in 
several ways by comparatively laborious processes, Bhüskara obtained 
it from Brahmagupta’s Lemma from which itis ап immediate deduc- 
tion.* But he has not met certain remarks of G. R. Kaye, 
P. Tannery, and T. L. Heath, which create some doubt as to the 
indigenous origin of the Indian solution of the Pellian equation and 
suggest the probability of its ultimate Greek origin. In this paper it 
is proposed to deal with these remarks. 


Kaye writes |: “It is almost certain that Brahmagupta himself did 
not evolve the solution of the Pellian equation that he gives.. There 
is, indeed, no obvious reason for the inclusion of the, topic in Brahma- 
gupta’s _works,. and there are -indications tha? he “did not himself 
comprehend it entirely,” He further adds]: “ Diophantus (A. D. 860) . 
some threo centuries earlier had written a treatise on indeterminate 


may be an integer and af!~N may be the least. A method of 


- . 
* Bhaskar в'ОогоПагу, was deduced thus : 
Кы А х Мах + ъа 
7 М. 19 +at—N =a (identically), 
<. by Brabmagupta's Lemma, 
E: "N(3a +b) + k(a* — N) - (Na  ba)* 


n aab Уз a*—N (| Natba Y Е 
2 (ану еск (лу. 


- + East and -West (Simls), July 1918, p. en. 
`1 Ibid, p. 677, 
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equations; some of his books and all those of his successor Hypatia 
(A.D. 415) are lost; Brahmagupta’s treatment of the subject differs in 
detail from Diophantus; Brahmagupta’s examples are all -astronomical 
and Brahmagupta’s astronomy is essentially Greek astronomy.” Ina 
foot-note he states *: “ The known works of Diophantus do not refer 
to the equation a27+1l=y* but а solution of ao*—b=y* is given 
(Lemma to VI. 15)." Не thus concludes that рең. solution 
of the Pellian equation is of Greek origin. 

Brahmagupta’s work Brahma-sphuta-stddhanta contains а treatment 
of indeterminate equations (both simple and quadratic), knowledge of 
which is, according to Brahmagupta (Chapter on Kujfaka, verse 2), 
essential to an astronomer. Brahmagupta has given astronomical 
problems whose solutions depend on indeterminate equations of the 
first and second degrees. The reason for fhe inclusion of the topic i is, 
therefore, obvious. Did the Greeks ever trouble themselves with 
astronomical problems leading to indeterminate equations ? It has yet to 
be proved that Brahmagupta’s astronomy is entirely of Greek origin. 
To establish Brahmagupta’s sources Kaye writes +t: “ Brahmagupta 
refers to the Romaka, Paulisa, and other Yavana (Greek) Siddhüntas 
and says,‘ Although the Siddhantas are many, they differ only in 
words, not in the subject-matter.’ He disclaims originality and 
definitely indicates the sources of his information.” Kaye has not 
given the reference. I presume that he refers to verse 8 of Chapter 
XXIV of Brahma-sphutasstddhanta. If my surmise is correct, Kaye has 
omitted to mention the names of three Hindu Biddhántas f which also 
ocour in the verge find does not seem to have understood it correctly. 
. To understand the verte properly it should be read with verses 2 and 
“ 4. These three verses state that Strya, Indu, Paulisa, Romaka, 
VaSsigtha, and Yavana Siddhantas are similar in some respects ‘and 
different in othérs ; and they lay down a test for ascertaining the correct 
siddhdntas. These verses cannot be taken to mean that’ Brahmagupta 
disclaims originality and indicates Paulisa, Romaka, and Yavana 
Siddhantas as his only sources. That Brahmagupta had no regard for 
Romaka Siddhünta may be seen from his Siddhanta, Chapter XI, 
verse 50, where he describes Romaka Siddhinta as a heap of ashes 
made into a kanthd, $ as it were (rakgoccaya-romakah kytah kanthá). In 


* Ibid, р. 677. 

+ Ibid, p. 679. 

t See below. 

§ It is the name of a kind of Indian quilt made of rags and два by poor people, 
Here the term is used contemptuously. 
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many cases (e.g., ХІ, 46,47, 48) he finds fault also with Lata who, 
according to Varühámihira (Pafica-siddhantika, I, 3), explained the 
Romaka and Paulisa 'Siddhantas. On the other hand, he speaks 
highly of his own Siddhünta and points ont its superiority over all 
other siddhantas (1. 82, 62; 11. 31; V. 21; X. 62,69 ; ХІ. 61; eto., eto.) 


Even if it be assumed, for the sake of argument only, that Brahma- 
gupte’s astronomy is essentially Greek astronomy, how does it prove 
that his solution of the Pellian equation was derived from the Greeks 
who, as we shall see later on, could not solve it P Thefact that the 
illustrative examples are astronomical, only shows that astronomical 
problems led to the independent evolution of the solution of indeter- 
minate equations in India.* 


In Brakma-sphuta-stddhgnta we have a piece of evidence which 
points strongly to Brahmagupta'sas the ‘author of his rules for the 
solution of equations of the type ax*+b=y*, The illustrative 
examples, without exception, | end with the words © kurvanndvatearüd- 
gagakah! which mean that a person who can solve each of these 
examples within a year is ẹ mathematician. Such a statement can 
proceed only from а mathematician who honestly believes that the 
examples are all very difficult, that rules for their solution did not exist 
previously, and that he is the first person to give these rules. 


Let us now consider the alleged indications that Brahmagupta did not 
entirely comprehend his solution of the Pellian equation. These indica- 
tions have elsewhere | been'stated by Kaye while trying to establish a 
foreign origin of the solution. Kaye there writes: “ A close examina- 
tion of Brahmagupta’s rules and examples establishes beyond all doubt 
that he was not their discoverer. He does not understand all the rules 
he gives. Some rules are followed by inappropriate examples 
(Colebrooke, Algebra, p. 366, 572). In one case he partially solves an 
example, and says: ‘ The meaning of the rest will be shown further on’ 
(ibid, $70). The example is solved further on, but the previous 
working ің not utilized (2012, 877). Another rule and accompanying 
‘example are regular, but Brahmagupta gives a second similar example 
‘with а change of sign which the rule does not account for; and while 

* See Robert Steele’s The Earliest Arithmetics in English, Introduction, p. v, 
where the author says that ‘‘ the study of astronomy necessitated, from ita earliest 
days as в всіепое, considerable skill and accuracy in computation,” 

^ Oolebrooke has omitted the words ‘ within в year’ in Question 3, Art, "2, 


p. 868, of his translation of Brahmagupta. 
ў Journal of the Royal Asiatic Society (1910), p. 755. 
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correctly explaining this second example, refers to the incompleteness 
of the text and criticizes the rule given (ibid, §73). Іп another case he 
finds fault with the rule and says: ‘ With the exception of a selected 
unknown put arbitrary values for the rest.........thus the solution is 
effected without an equation of the second degree. What occasion is 
there for it P? (Ibid, §64.)” ж 


This extract is made up of & wrong cenclusion and a number of 
incorrect statements made to support it. Let us examine these 
statements, one by one. 


The first statement contains the charge that “some rules are 
followed by inappropriate examplem” The reader may notice that 
Kaye uses the word ‘rules’ in the plural number while he can cite 
only one instance. Even this instance does not support the statement. 


The so-called ‘inappropriate ’ examples noticed only by Kaye lead 
to the indeterminate equations 


“() 132*+4+300=y?, (й) 184%--97--у?. 


These examples immediately t follow the rule for deducing the 
integral roots of the equation - 


Na*41-$4* 
from those of the equation 
Na—4-y*. 


To one who is aot acquainted with Brahmagupta’s rules on this 
topic there cannót seem to exist any relation between the above rule and 
the examples set in illustration thereof. To find the roots (10, 40) of 


* It is very dorbtful whether Brahmagupta inoluded solutions of examples in 
his works. From the works of his predecessor Aryabhaja and his successor Mahavira 
it appears that і was not the custom in those days to include solutions of examples 
in the original works of Indian mathematicians. Examples used to be explained 
orally and their solutions would be left for the commentators to record. Solutions 
of examples do not form a part of Brahmagupta's Brahma-sphuta-siddhünta as edited 
by Sudhakar Dvivedi who has compiled his edition from three manuscripts different 
from the one used by Colebrooke in preparing hia Translation (see Dvivedi's edition, 
р. 3). Nevertheless, lot us assume, for the sake of argument only, that the solutions 
of examples as given in Oolebrooke’s Translation, are in the words of Brahmagupta 
himself. 

+ Bee Colebrooke’s Translation, рр. 365 and 866, Arts. 71 and 72. In Sudhakar 
Dvivedi's ‘edition the above examples occur among the miscellaneous examples 
following the rules on this partioular topic. 


i 
I 
1 
, 
i 
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equation (2) and the roots (6, 21) of equation (%) the above rule hag not 
to be applied. But Bréhmogupt&'s object is not to find only a single 
solution of such an equation but an unlimited number of integral горів. 
A previous rule-of his states that, when one solution of the equation 
N**--P-—gy? has been found, sn infinite number of solutions сар. be 
obtained by associating with it the equation No*+-1=y* and then apply- 
ing his Lemma. It is in thus finding innumerable integral solutions of 
equations (€) and (%) that the-above rule has to be applied. To find 
other solutions of these equations use should be made, of the roots of the 
equation 182%--1--у%. These roots are given by the rule immediately 
preceding the above examples. For, the roots (1,8) of the equation 
1323--4шу% are obvious. 

It, wil thus be seen that Kaye’s charge under consideration is with- 
out any basis whatsoever. Ibis strange that the commentator’s solution 
of the above examples, as given in Colebrooke's Translation, did not open. 
Kaye's eyes to the utter hollowness of his allegation. Itis true that 
the solution is incomplete.* But the language in which it is expressed, 
if not its subject-matter, is sufficient to point out the intimate conneo- 
tion that certainly exists between the above examples and the pre- 
ceding rule. T 


. 


The second statement is as follows :— - 


“In one case he partially solves an example, and says: * The 
meaning of the rest will be shown further'on. The example is solved 
further on, but the previous working is not utilized." . 


“Ол a reference to Colebrooke's Translation (рр„* 365* and 368) the 
facts will be found to be as follows :— 


Two examples lead to the indeterminate equations 
(4) 92%-5900-у%, 
(4) 92*—800—y*. 
These examples have been first given to illustrate tho role (Cole- 


brooke, $69, Rule 42, p. 965) for deducing & solution in integers of the 
equation 


Na* +1=y! 


* Hence the commentator says: ‘ The purport of the rest of the question will 
be shown further on,” S : 
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from an integral solution of the equation 
i Na*-4-4-ut. | 
For, to find an unlimited number of golutions of either of the above 


two-equations. by means of Brahmagupta’s Lemma use will have to be 
made of the integral roots of the equation 


9g! + 1- y * И 
and these roots cam alao be found by the above rule since 2 and 4 are the 
obvious roots of the equation 
За? 44у". 
Here the roots of the equation 30° --1-fy* have been found by the 
above rule: and the complete solution of the examples is not given here, 
since it is proposed td’ be worked out fully hereafter in illustration of 


another rule. Hence, we have the remark: “ The meaning of the 
rest will be shown further on.” 


The other rule (Colebrooke, p. 368, Rule 45 completed) which the 
above examples illustrate states that the roots of the equation ` 


Ne +k=y*, 
when multiplied by a, are the roots of the equation 
Na? + Каз туз. 
Неге the eqttationg (2) and (:*) are solved by this rule аз follows 
(3) 8z* 4+900=y? 
oe За" +1.30? ey. 
Now, 1 and 2 are the obvious roots of 
` 959 4 1-y*. 
1. S0and 60 area pair of roots of equation (2). 
(ts) 3:* —800=y? 
or, 8z? —2.20* =y? 
Obviously, 1 and 1 are the ee of 
322—2=y*. 
20 and 20 are & pair of roots of equation (4%). к 


i 
| 
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: It is true that the, roots of the equation 3z*-Fl1-y*, ‘previously ob- 
vfainedjby, applying Rule 42. (Colebrooke, р. 365) ‘have not been utilised 
here. . Will апу one use them in the .present.case, seeing that the roots 
1 and 2 are too obvious ? If these obvious roots do not occur to а per- 
son, he may. utilise the roots previously obtained but it is advisable for 
him to give.up the study of indeterminate equations. 
“ The,meaning of the rest" “to be shown further on” is. here , made 
clear, by fully working out the examples and showing how the roots of 
. equations of the form Nz? +1=y*, obtained by inspgction or by the 
Application of Rule 42 or of any other.snitable.rule, should -be utilised 
: to find other. pairs of roots. Let me quote from the solution attributed 
- to Brahmagupta. 
‘‘And:further, by composition of the roots so. found for the given 
additive, with roots serving for additive.unity, other roots sre derived 
for the. same additive. For instance, | 2 : 


L30 G 60 A 900 
"L1 G2 А1 


(Ву the preceding rules (§39-40.and 41) other ‘least’ and , ‘greatest’ 
, roots are, here found, 120 and 210.: . So in all similar cases.” 
t It will be seen from the above that the question of utilising.the previ- 
ous working cannot arise'heve and that по mathematician, even: in the 
^ present case, would ever'think of rejecting ‘obvious roots in -favour of 
roots which are not obvious. 
The third statement runs thus :— EET 
ч Another rule and accompanying example are regulas, but Brahma- 
gupta gives & second similar example with a change of sign which the 
1 rule does'not.account-for ; and while correctly. explaining this second 


example, refers to the incompleteness of the text and crifees the.rale 


given (§73).” 
Colebrooke translates the гше in question ав follows 2- 
* If a/square-be the multiplier, the.:additiver.(or subtractive): divided 
.by any (assumed) number, and: having it«added ‘and subtracted, and 
being then (in both instances) halved ; the first is a“ last’-root ; and the 
... last, divided by the square root of the multiplier, is a ‘ first.’ ” 
- “Тін rule is illustrated by two:examples. which lead; respectively to 
the equations | 
6010) date yt, 
(й) 42*—80zy*. 
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Kaye thinks that the first example is regular and that the negative 
sign in equation (%) has made the second example inappropriate. For, 
in his opinion, the rule canuot * account for " the negative sign. 


' Colebrooke has given an almost word-for-word translation of the 
text of Brahmagupta’s rule in question. He ought to have left the 
word Kgepa untranslated without rendering it as ‘additive.’ The inser- 
tion of the words “ог subtractive” within brackets does not mend 
matters fully. For, kgepa means a quantity which is added either posi- 
tively or negatively and, therefore, involves a sign. This interpreta- 
tion should not be regarded as being in advance of Brahmagupta’s time. 
For, in a previous chapter he has dealt with negative quantities. Also, 
the terms prakgepa and kaepa in the expression “prakgepah Кавратайһа- 
tulyah,” which occurs in the text of Bgahmagupta’s Lemma, appear, 
from the context, to be indefinite as regards their sign. 


For the presentdet us overlook this defect in Oolebrooke's trans- 
lation. 


One who is acquainted with the nature of Sanskrit sutrasor texts knows 
very well that to secure brevity they are intended by their framers toimply 
much more than 8 word-for-word translation could possibly convey. 
The fullimplication is to be found by the well-known principle of 
upalahgmana, ‘Hence, although the Sanskrit text of a rule may state 
опе case, it is taken to include, by implication, other similar cases 
(suggested by it) for which separate or-additional texts are generally 
never thought necessary.* The text of Brahmagupta’s rule, as trans- 
lated by Colebrooke, states the case for positive kgepa and, ав 
usual, includes the case for negative kgepa as well. Henoe, we have the 


* Ооррате Brahmegupta’s гше ($45) which Colebrooke translates (p 367) 
as follows :— 

" If the multiplier be (exactly) divided by в square, the first root is (to be) divided 
by the square-root of the divisor.” 

The commentator states the full meaning of thia rule thus :— 

“Tf the multiplier can be abridged by в square, then reducing to its -least term, 
let roots be found as before. But the first root so found being divided by the square- 
root of the abridging divisor, is the ‘ least ’ root. The ‘greatest’ root remains the 

“game.” 

'* But if the coefficient be multiplied by a square quantity, it of course follows 
` that the first root, multiplied by the square-root of that square, is the ‘ least’ root,” 
(Colebrooke, p. 867, foot-note.) 

Also compare Aryabhata’s rule (considered below) for finding a number 
sven leaves given remainders on being divided by two given divisors (p. 174 
below), 
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following observations in course of the solution of the second example 
intended to illustrate the rule ; 

" ‘Additive’ in the rule (§44) is Indefinite and intends subtractive 
algo.” . 

“ The text expresses ‘ the first is a last root’ (844) : but that is-a 
part only of the rule." 

By these observations the author of the solution means that, as 
usual, the text does not expressly state the whole rule but а part only 
of it aud necessarily suggests the remaining part. But Kaye, in his 
ignorance of Sanskrit and of the nature of Sanskrit texte of rules, takes 
these observations toimply that “ Brahmagupta refers to the incom- 
vleteness of the text and criticizes the rule given." What adverse 
criticism has been made ? Will Mr. Kayeor any of my readers kindly 
point it out to me P Е 

Although the text of the rule іп question, like the Sanskrit texts of 
many rules, may be incomplete, the whole rule “for which the text 
stands covers the cases of both the positive and the negative ksepa. 
Hence, the rule does (although its text may not) account for the nega- 
tive sign in the equation resulting from the second example. 


The above lengthy explanation in support of Brahmagupta has been 
necessitated partly by Colebrooke’s translation of ‘the rule and partly by 
he assumption that Brahmagupta’s original work contains solutions of 
texamples. ! 

If we до not make this assumption, the truth of which we have 
reasons to doubt, and if we go by the rule as given in Sanskrit by 
Brahmagupta and not as translated into English by Qol&brooke, we at 
onoe see that, if Brahmagupta had omitted the second example taken 
exception to by Kaye, he could have been jnsthy XE aving failed 
to illustrate the rale completely. 14 ed dd 

aa 

As has already been said, the kgepa in the rule may be positive or 
negative and has not been qualified in any way. Since the rule in 
question follows the chapter on negative quantities and since the sign of 
kgepa and prakgepa in Brahmagupte’s Lemma is indefinite (as stated 
above), one is not justified in taking the kgepa as positive only. Hence, 
the rule covers the case for negative kgepa also, as shown below. 


In modern language the rule may be stated thus: 


If the equation be  a*at+b=y', 


1/5 1(4-8- 
ala t#an 5 % +a 
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are respectively’ the values of y and s,’ k being any assumed-integer 
(having the same sign as 5). 

The above ara the exprassions for the roots: whether the sign- of b is 
positive or negative. As these roots are obtained by substituting’ 
av+k for y, k must evidently have the same sign as b. 

The reader will now be able to judge for himself whether this rule: 
does'or doés-not account for the negative:sign in equation (ii). - 

Let us now consider the ‘fourth’ or the last statement: : 

In Art. 64 (Colebrooke’s- . Translation, p. 362): Brahmagupta finds : 
fault! with '& rule included-in his work. * This faot.has been: utilised: by. 
Kaye'in'his favour:+| The facts'are as follows С 

In‘ the section on Bhavita-bija which immediately. precedes the sec:. 
tion onthe -Pellian.equation Brahmagupta first statesa rule-for'thersolu- . 
tion of equations of the form 


Ы ` mzy=as+by +c 


Тһе commentator holds that: this: rule is not Brahmagupta’s own but ` 
has'béen’given by others.’ Then Brahmagupta' gives a rule (or" strictly): 
speaking, a method) of Hik-own,- points out its"superiority over the pre-; 
ceding rule and remarks- “ What;: then, is. theroccasion.for it (vi-., the 
first'rule)P" Such criticism cannot prove that,Brahmagupta does not 
understand the::rule:he..criticises.} Hence, the statement under.con-. 


* This statement and the following discussion are based on the assumption 
that the commentator's view is correct. Bu&«1 should like to differ from him. The - 
fact that the first sale (61) is followed: by an-example which, challenges а person to. 
solye'it іо: year goes to show that Brehmagupta.is the author of this rule also. 
Hethen gives an alternative.method. of his own and points out its superiority over 
the first method ss given by the first rule, without passing any censure on the first 
method. It ійіейпіу of a mathematician to show the different methods of attack- 
ing'a problem and discuss--their relative merits and demenits, . I$ cannot amount to 
passing в censure ' onc; an inferior. method.’ Since. Brahmagupta regards the firat 
method.as inferior, the commentator thinks that the former censures the first method 
and, therefore, cannot ba its author. If my view be correct, then also it does not 
follow that Brahmagupta does not understand the rale in question. 

+ To prove Brahmagupts’s failure (as alleged by Kaye) to understand ' 
not only his rule for the solution of the Pellian equation bat also Áryabhata's rule. 
for the solution of indeterminate -equations of the first degree as will-be shown here- 
after. 

t Kaye could find far better reasons -to hold that Diophantus does not. under- 
stand all his methods. For, he cannot solve, hesays, the equations 52r? + 12— у? 
(ILI. 10).and 2662? —10— g* (ІШІ. 11). Bot 2-1 18 an obvious solution 1n either case 
and other solutions can be found by his Lemma, to VI. 16^ Still we regard him as 
& genius, 
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sideration—as it occurs in " the above extract—does not go against 

Brahmagupta. But, ' elsewhere* Кауес has expressed: 15 in а way | 
which cannot but discredit Brahmagupta. Kaye writes: “Оп one 
occasion he (7.е., Brahmagupta) gives a correct rule (ХУП, iv,61)+ but 
immediately. disoards.it saying.: What occasionnis there for. it? ,........ 
with theexception of one:unknowna put-arbitrary. values for the rest.’,t 
and-the qommentator remarks-.‘ The author here delivers ‘his own (in- 

correch)cmethod: with a censure.on the; other (correct mathod).’,” Неге... 
Kaye unascountably: putszinto the month-.of:the: commentator a remark 
never made by the latter. The commentator refharks (Colebrooke, p. 
862, F. N.1 ): “ Having. thus set forth’ the (sdlution of а) factum 
according to the dootrine of others, the author now delivers, his own 
method with a censure on the other." Here Kaye misleads his readers 
by inserting three words wfthia brackets without any:justification what- 
soever. The commentastor,does-not wonsider;Brahmagupta’s method to 
beincorrect. The fact that Kaye characterises this method as incorrect 
shows that he has utterly failed to understand it: Brahmagupta means 
to say that there is по -occasion..for the first, rule since the second. rule 
is much simpler than it. Не does not say that the first rule is incorrect. 
ThatBrahmagupta is right will appear from a comparison of the two 

methods. i . 


Brahmagupta’s method, .i.e.,, the second method 
cR mry aa d Ьу с 


Putting any assumed value k fore, we have , 


kmyzak-t hy 4 6;. 
whence y can be easily found. Ё 


This method sis applicable,. as stated.by, Brahmagupta, to such an 
equation, with.any number.of unknown quantities- 


* Journal of the Asiatio, Society of Bengal, (March, 1908), p. 198. 

+ : Тһів reference -is wrong. The correct reference should, be ''(Colebrooke'a 
Algebra;.eic. Brahmagupta, XVIII, vi, 61)." 

{ :The readeris, attention iia. drawni-to the.alterations made by Kaye to get, 
this quotation.. out: of ‘the quotation given on page,166, (lines 4-6). These alterations: - 
have become necessary.. For, to create a presumption in favour of his pet-theory-of . 
the Gresk origin of Aryabhata’s rule for the solution ;of indeterminate ,equations.of 
the firdt degree: Kaye-has used-this altered-quotation which would.mislead his readers 
into-thinking: that: Brahmagapts also “ was not;quite master. of this part of bis . 
subject.” - j Ў 
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e 
+ 


The other method (i.e., the first method) : 
may--aa d by +0. 


Multiply m by с and a by b, and add the products. The result is . 
cm-Fab, Divide the sum by any assumed number, say p, and letg be 
the quotient. Of the two pairs of numbers (p,q) and (a,b), the 
greater number. of each pair should be added to the smaller number of 
the other pair.* Suppose that we thus geb a+p and b+. 


Then ez(b-4 g)/m and yz (at p)[m. 


The rationale of this rule is as follows : 
From the given equation we easily obtain » 


m*zy —amz —bmy  ab—om + ab, 
or ТЕТ pesa) om at =pq (suppose). , 
Then, either r=(b+p)/m- and у--(а--4/т, 
or чт=(б+@)/т aud y=(a+p)/m. 
This method is not applicable to an equation of the type 
туза: + by +cz-+d.t 


The foregoing examination of the statements made by Kaye to dis- 
credit Brabmagupta forces me to the conclusion that he has taken upon 
himself the serious responsibility of criticising Brahmagupta and de- 
nouncing him to the world without ever caring to understand him or 
even approaching him with an unprejudiced mind. 


Let us now Шасдав the possibility of Brahmagupta’s indebtedness 
to Diophantus for his solution of the Pellian equation. Itis true that 
the known works of Diophantus do not refer to the general equation. 


* This restriction ів not necessary, as shown below. 

+ These cases show that Kaye is quite unfit to undertake a detailed examina- 
tion of Indian mathematical works. He, therefore, always gives а ' brief ' examina- 
tion (J. R. А. S., 1910, p. 750) or‘ a part only’ (Hast and West, July, 1918, p. 
679) of the available evidence to prove the alleged foreign origin of Indian mathe- 
matical works. He tries to thrust his anti-Indian views on his readers by pointing 
out some accidental superficial similarities which must exist between two снна 
ent systems, ag admitted by him. He says (J. L. А. S., 1010, p. 750) ; . '* While 
mathematical systems of independent growth will natarally have many points of 
similarity, yet differences are certain to occur.” 
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ao*+1=y*. But they contain а solution of at least one particular 
case of this general equation, Diophantus solves equations of the form 
as? + c! —y? by putting yzzkz-Fo where k* is the highest square num- 


ber under a. He solves three such equations as follows : - 
(G) 72m*--81- (8m--9)* 1V.81 
(8) 262.2 41=(5241)? v.9 


(Hi) 65m?4+25=(8m+5)* “1.5 


To reduce ағ? --b— y? to в simple equation either ағ% or b must be re- 
moved. This can be easily done when the term to be removed is a per- 
fect square. This would ocour to any student of mathematics far in- 
ferior in intellect to Déophantus, Aryabhata and Brahmagupta. So 
we have no reason to be charmed with Diophantus’ method of rationally 
solving equations of the form as? +b=y° (where a or b is а perfect 
square) by substituting (Vas+k) or (оа ^b) for y. Brahmagupta 
also could do so if his object were to obtain rational solutions only.* 
The fact that Brahmagupta does nob use this natural method and shows 
how an unlimited number of integral solutions can be found in parti- 
cular cases with the help of his Lemma leads us to believe that he 
starts with the object of finding integral solutions in all cases although 
he does not succeed completely. 


Kaye writes that Diophantus has given a solution of the equation 
az*—b=y* (Lemma to УІ, 15). This is not true. The lemma states 
that, tf one value of х satisfying the equation ie known, a greater value 
of a satisfying the equation can be found. Dfophantus admits (VI. 14) 
that he cannot solve the equation “ 15m* —36— а square” because 15 
is not the sum of two squares. = 


Again, itis not true that Brahmagupta’s tf88tfifent of indeter- 
minate analysis differs only in detail from Diophantus’. This will be 
clear from a comparison of the methods employed by Diophantus and 
Brahmagupta to solve the same equation. Let us take the equation 
26.3 +1=y° from Diophantus. 


Dtophantus’ method : 
Let y=1+ ke. 


* Brahmagupta actually solves the equation a'a*+b=y by assuming 
- y=ae+k (Colebrooke, p. 866, 78). For, owing to the equation afs? +1=y* being 
"+ incapable of solution in integers, it is not possible to find an unlimited number о! 
integral solutions of the equation af a*+b=y?, 


166. ‘SARADA KANTA.GANGULI 


| Then 2624 +1=(1+k2)?, 


. _ 9k 
whence а= pe 


Brahmagupta’s method : 
Since 26.1* —1—5* and 1=(—1)x‘—1), 
the roots of the equation 264° --1—y* 
are, by Brahmagupta’s Lemma, 2.1.5 and 26.1°+5* , t.e., 10 and 51. 


"The next pair of roots'are, by'the Lemma, 2.10.51 and: 26,10? +51? 
1.6.) 1020 and”5201, * 

The third pair of roots are, by the Lemma, 10.52014-51.1090 -and 
26.10.1020 + 51.5201, i.d., 104080 and 580451. 

Another pair of roots are, by the Lemma, 21020.5201 and 
26.1020? 4-5201*, 2,6, 10610040 and 54100801. 


` And so on. 


. Diophantus' method: gives one pair of integral roots when k=5. 

It is not easy to see what other values of k also lead to integral solu: 
tions, 

Tannery is of opinion that Diophantus. dealt with -the ,equation 

Nc! +1==у* somewhgre in the lost Books of. the Arithmetica and sug- 

. gested a. method of solutjon. . Heath has shown (Diophantus, 2nd. ed., 

: p. 280) that “ here too we must-have ascertained two solutions of . the 

equation, or one solution of it and asolation of an auxiliary ,equation, 

before we cangpply the method.” But is it likely that the equation 

was Solved in integers or dealt with at all in the lost Books‘of the 

Arithmetica ?. Our answer is in the negative for the following reasons : 


(1) Diophantus solves the equations 
(3) 72m*+81= a square, 
(4) 26:* --1-2 square, 
(4%) 65m* -- 25 а square, 


.respeotively in TV.31, V. 9, and /Vl. 5 of.the. Arithmetica and --employs 
‘the same-method: аз explained*before. “Ав already observed] this method 
cannot give many integral roots, nót to speak of an infinite number‘ of 
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them. The solutions of equations (2) and (4%) follow at once from 
those of the equations 

m+i=y* or 8m*+1=y", 
and 65m? +1=y3. 


The proper place for a special treatment of the equation 


Nu*+1=y? 


is consequently Book V, if not Book IV, and not any of the lost Books. 


. (2) If а method of finding integral solutions of the equation in 
question had been given in any of the Jost Books, Diophantus would 
have very probably referred fo it in connection with the solution of the 
above three equations as he has done in Book V where the references 
are to the Porisms. : ы 

(8) Itis not likely that equations of the type Ка%--1--у% would 
have been solved rationally only in the known Books if they had been 
solved in integers in the lost Books. 


(4) If Diophantus had been aware of a general solution in integers 
of the equation N o" +1=y?, he would have given more integral solu- 
tions than one of each of the equations (2), (2), (1). 

(5) Heath writes (Diophantus, p. 67): ' Nor is it likely that in- 
determinate equations of the first degree were treated of in the lost 
Books. For, as Nesselmann observes, while with indeterminate quad- 
ratic equations the object is to obtain a rational result, the whole point 
in solving indeterminate simple equations is to obtain a result in integral 
numbers. But Diophantus does not exolude fractional solutions, and 
he has therefore only to see that his results are postiiyg which is of 
course easy. Indeterminate equations of the first degree would there- 
fore, from Diophantus' point of view, have no particular significance.” 
If indeterminate equations of the first degree were not treated of in the 
lost Books and if with indeterminate quadratic equations Diophantus' 
object, so far as it appears from the knowm Books, has always been 
to obtain a rational result, is it likely that the much harder case of 
solution of the equation №" --1—y* in integers was ever dealt with by 
him ? 

If we suppose, for the sake of argument only, that Diophantus had 
a method of solving N v* +1 =y" in integers, Brahmagupta’s indebted- 
ness to him, as alleged by Kaye and others, is at once disproved. For, 
Brahmagupta cannot solve the general equation in integers. 
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Regarding Kaye's Ы эз to ) ihe possibility of Brahmagupta's 
indebtedness to the lost Books of the Artthmettea’ or to tlie works of 
Hypatia, I may add that in his Indian Mathematics, which seems to have 
been written to decry Indian mathematicians, Kaye perceived the un- 
tenability of the euggestion. There he wrote (p. 15): “It would be 
pleasant to conceive that in the Indian works we have some record 
of the advances made by Hypatia or of the contents of the lost Books of 
Diophantus—but we are not justified in indulging in more than the mere 
fancy.” 

Let us now seq if the Indian ‘solution of the Pellian equation can be 
traced to Archimedes. The Pythagoreans ¢ discovered a general method 
of solution of 223 —y* = +1 to obtain successive approximations.to /2.* 
‘Archimedes gives the fractions 265/153 and 1351/780 as being approxi- 
‘mately equalto 4/84 has, therefore, peen suggested that Archi- 
meédes was acquainted with a method of solution of the equations 


4 


$ vt —8у% ==], 
#*—8у* -—2. 


The famous Oattle-Problem attributed to him requires the solution in 
positive integers of the emus 


23 —4729494y" =], 


But Heath writes: 4 ^ Thero is this difference between this equation and 
the simpler ones above that, while the first solutions of the latter can be 
found by trial, the simplest solution of this equation cannot, so that 
some general method, e.g. that of continued fractions, is necessary to 
find even the least solution in integers. Whether Archimedes was 
actually able to solve this. particular equation is а question on which 
there is difference of opinion ; Tannery thought it not impossible, but, 
as the smallest values of 2, у satisfying the equation have 46 and 41 
digits respectively, we may, with Günther, feel donbt on the subject. 
There is, however, nothing impossiblein the supposition that Arohi- 
medes was in posseasion of & general method of solving such equations 
where the numbers involved were not too great for manipulation in the 
Greek numeral notation.” f If Archimedes was really іп possession of 
a method of solving the Pellian equation-in integers, it is certain that 


1 


” Heath, Diophantus, pp. 117, 118, 278. 
+ Ibid, p.978. 02 = 
X Tid, p. 279. 
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neither Diophantns nor Brahmagupta was awareof it. As Bhaskara’s- 
method has been deduced from Brahmagupte's Lemma, the former's 
ultimate source cannot be Archimedes.* 

Again, the mere fact that the Cattle-Problem leads to an equation of 
the form ө3--ау5 =l cannot prove that Archimedes could solve such 
equations in integers. Наз he given а solution of the equation Р The 
proposer of a problem may not. always: be able to solve it. When Fermat 
states that he has “ discovered a truly marvellous proof" of his “ great. 
theorem,” he is not believed. But Archimedes and Diophantus must 
be. credited with a method which they. do not claim- to-know. Is it - 
because Indian mathematicians must be deprived of an honour that 
really belongs to them P 1 

Let me now deal with cerf&in observations made by Heath. He 
writes (Diophantus, р. 281): “Whether this method (t.¢., the Indian solu- . 
tion of the Pellian equation) was evolved by the Indians themselves, or 
was.due to Greek influence and inspiration, is disputed,.............. 

The question presumably cannot be finally decided unless. by the dis. : 
covery of fresh documents; but, so far asthe other cases of solution of. 
indeterminate equations by the Indians help to suggest & presumption оп 
the subject, they are, I think, rather in favour of the hypothesis of ulti- 
mate Greek origin, Thus the solution of the equation ar—by=c given 
by Aryabhata as well as by Brahmagupta and Bhaskera.........is an 
easy development from Enuclid’s method of finding the greatest common . 
measure or proving by that process that two numbers have no common 
factor (Encl. ҮП 1,2; Х.2, 3), and it would beestrange if the 
Groeks had not taken this step.. The Indian solnéfon of the equation 

=az+by+ 0, Љу tbe geometrical form in which it was clothed, 
suggests Greek origin,” 

Although I yield to nonein my regard forHeath as manim partial 
historian ‘of mathematics, I am bound to observe that thia ig one of at . 
least two cases in which he has unconsciously allowed himself to accept . 
the opinion of others without sufficient examination. In the present 
case he has been misled by Kaye to whom he here refers ав his authority. 


# P.O. Ben Gupta has shown (Bulletin, Oal. Math. Вос, Vol. X, рр. 78-80) 
that, although Bhüskara's Corollary can be deduced from the Archimedian process of 
finding the approximate value of мМ, it follows at once from Brabmagupta’s 
Lemma, The Corollary cannot give the first solution іп most cases, То 
obtain it and the succeeding solutions Brahmagupts’s Lemma must’ be employed. 

+ Heath, Diophantus, p. 145, foot-note. = 

1 Such ів the object of Kaye'a writings which до not seem to have been prompt- 
ed by в desire to investigate the troth. 
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The Indian solution of the equation ae—by=c may now appear to be ah 
easy development from some of Euclid's methods. But the fact remains 
that the Greeks could not effect this eagy development. After a thing : 
has been discovered it is sometimes very easy to obtain it from other 
sources by simple steps. Many familiar instances can be cited in support 
of this statement. Here isoneof them. Now we see that the modern 
notation for the number four thousand five hundred and ‘seventy-six 
follows at once from the way in which it is expressed in words ; and one 
might remark that it would be strange if the Greeks had not invented 
this simple notatio. Would it be right to build пра theory of Greek 
origin of the modern notation on this sort of argument Р The question 
is not whether Aryabhata’s rule can be derived from Greek or some other 
foreign source but whether it was actually derived in that way. 


N. K. Mazumdar has shown that Aryabhata was not indebted to 
Euclid or other Greek or Alexandrian mathematicians for his rule for the 
solution of az —by —c$nd has pointed out some important mistakes in 
Kaye’s investigations in connection with the rule.* In reply Kaye 
writes: + “ Aryabhata’s textitselfis|by no means unambiguous and my 
original translation (used by Mr. Mazumdar) does not satisfy me. Con- 
clusions based upon such а text are very liable to contain ambiguities.” 
He then adds: “ І still held that the fundamental process involved in 
Aryabhata’s rule is contained in Euclid (Books # and vit) but this does 
not necessarily mean that the rule was a direct development from Euclid. 
Тһе point is that nowhere in Indian works do we meet with any process 
at all that could lead up to the rule." { 


Kaye's translation is wrong partly because he has interpreted the 
terms adhikagrabhagdhüra and undgrabhagahara respectively as ‘the 
greater original divisor ' and ‘the lesser original divisor.’ The former 
term means ‘ the divisor (bhagahára) which gives the greater (adhika) 
remainder (70717 and the latter ‘the divisor which gives the smaller (na) 
remainder. Aryabhata’s rule states thatthe former should be divided 
by the latter. 


* Bulletin, Cal. Math. Boc., Vol. ПІ, pp. 11-19, 

+ Bulletin, Oal. Math. S00., Vol. IV, p. 56. 

t Kaye further adds : '' There is certainly an element of doubt as to the 
authenticity of the text," A comparison of this text with the original rules іп Bens- 
krit given by Brahmagupta and junior Áryabhate will at once show that the element 
of doubt is more imaginary than real. The present writer has good reasons to 
believe that Kaye ie ignorant of Sanskrit and depends only on English translations 
of Indian works. 
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Mazumdar begins by stating Kaye's wrong translation of Aryabhata’s 
rule for the solution of the general problem which Mazumdar states as 
follows : ° 

" To find a number n which will leave given remainders when 
divided by given positive integers ; 1.6, is to be found from the set 
of equations 


"|А-а-В,/А, "|В-у-В,/В, 
which leads to the indeterminate equation 
Az—ByzO." 


Here C is the difference between the remainders B, and R, and 
is, therefore, positive. Mence Mazumdar takes Rẹ to be greater 
than R,. Не also assumes В to be greater than A. Therefore he 
considers the particular case in which the divisor yielding 
the greater remainder happens to be greater ‘than the other divi- 
sor* In this case, even Kaye’s translation, eis, “the greater 
original divisor ts divided by the lesser original divisor,” though 
wrong, gives the first operation correctly. The other wrong part of 
Kaye's translation, vis., “Ая assumed number together with the original 
difference is thrown in,” has not been used by Mazumdar who has inter- 
preted this part of the rule correctly as shown by his application of it. 
Hence, Mazumdar’s treatment of the particular case considered by him 
is not based on a wrong interpretation of Aryabhata’s rule as applic- 
able to this case. His conclusions, therefore, are not liable to contain 
ambiguities. | 5 iE" 

Aryabhata’s rule for the solution of the general problem stated above 
was most probably suggested by simple and natural steps dictated by 
common sense in particular cases as shown below, 

Let us find the number which gives the remainders V'ànd 17 when it 
is divided by 931 and 3015 respectively. 

If x and y be the respective quotients, the required number ів given 
by either of the expressions 931z--9 and 3015y +17. Hence the prob- 
lem leads to the equation ч 


9З144-9--9015у--17 5:300) 


* Р. О. Sen Gupta has interpreted Aryabhats's rulein question in the Journal 
of the Department of Letters (Calcutta University), Vol. XVI, pp. 27-80. But he 
also has not shown why the divisor giving the greater remainder should be divided 
first by the other divisor. This part of Aryabha{a's rule will also be made clear in 
the following pages. 
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It: can be solved if we can solve 
981(ш-8у)4-9--992у--17 

ог, 9312, 4-9 —:222y -- 17 .. (2) 
| where шух=й—8у. | 

(2) сап be solved if we can solv 


434, +9=222 (y—42,) 4.17 


о, 482,--9--992у, +17 .. (8) 
А where y, =y —4r,. 
(8) can be solved if we can solve қ 
43(r, —5y,) P9=7y, +17 
or, 434, +9=7у, +17 s y 


where a, =g, —5y,. 
(4) сап be solved if we can solve 
vd-9 (y, —62,)--17 
or, 249-79, +17 S (5) 


e where y, =y, —62,. 
Since the coefficient of one ‘of the unknown quantities. in ‘equation 
' (Б) is unity, we can solve it in integers. On taking ys (any positiva 


integer including zezp) 


we get г 
а= (17-9) ` 46) 
Now, from (2) шееӘу +e 0) 
. (3) у=, +, in (8) 
4) 2,—5y, +2, e (9) 
(5) y,=62,+y, (10) 
446) е„=+(17—9) ~ (1) 
Also, Ув 21 . (12) 
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Here the original equation and each of the auxiliary equations have 
been reduood by dividing the greater coefficient, by the smaller. 


Тһе unknown quantities 2 dhd y in the original equation are given 
by the set of equations (7)— —(12). Here we see that the quotients 8, 4, 
5, ‚6, 7, of. successive division and the assumed integers ocour in the 
‘same vertical line, It is easy 1 to see that of the numbers r,y,*,, 41, 
each is obtained by multiplying the corresponding quotient by the num- 
ber next below it and adding to the product the number just below these 
two numbers. This law is expressed by Aryabhata in the words adha- 
upariguyam-antyayuk. The next number жа 18 obtained by multiplying 
the last quotient of successive division by an assumed integer ¢ and add- 
ing the difference of the remainders to the product. This is stated by 
Aryabhata in the words E 'egaparasparabhakiam matigunam-agrüntare 
kgiptam.* This part of Aryabhata’ 8 rule precedes the statement of the 
above law, ав one must begin trom below to find the values of а and y 
from the above set of equations. 


In the present case the divisor giving the greater remainder is 
greater than the other. So we have begun.by dividing the former by the 
latter. То see how we shall have to proceed in the case when the divisor 
corresponding t to the greater ; remainder i ін smaller than the other, let us 
modify the gboye problem by substituting the ‘divisor 222 for 3015. If 
2; “and « y “denote the respective quotients i in the: new ‘problem, it leads to 
equation‘ (2) above, To solve it we must either remove equation (7) 
fróm the set of equations (7)—(12) or retain it in the form gQmA. In 
the former oase х, (1.6., the ‘quotient corresponding to the amaller 
remainder) follows y ‘4.6, the quotient corresponding to the greater 
remainder) in the above set of equations whereas in the case of the ori- 
ginal problem r precedes y. In the latter oase the order ofthe two 
unknown quantities i is not disturbed i in the last веб of equations. Hence 
we retain equation (7)in the form ш, =, which may be written as 
#,=0.y+.2, in order to satisfy the law noted above of obtaining the 
unknown quantities i in the original and auxiliary equations. The divisor 
corresponding to the greater remainder being, in this case, smaller than 


* This suggeate that (17—9) which is the difference between the remainders 
should be set down below i i (the assumed integer) in the column of quotients and the 
aasumed integer in order to find the number т, according to theabove law. As 
Bhüskara first finds the least values of 2 and y, he puts O fori and consequently 
replaces | the last quotient of Aryabhate's rule by the difference between the remain- 
ders, in the column of quotients and the assumed integer which Bhāskara takes to ba 
zero, Thus, the process of successive division is discontinued by Aryabhata when 
the last remainder is zero and by Bhüekora when the last remainder is unity. 
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the other divisor, it gives the quotient 0 when divided by the latter ; and 
this quotient is the coefficient of y in s, =O.y+¢,. Hence,-in this case 
also the divisor giving the greater remainder shoald, first of all, be divi- 
ded by the other divisor giving the smaller remainder. Aryabhata, there- 
fore, says Adhikügrabhügaharam chindydt unügrabhagahürena <ie., the 
divisor giving the greater remainder should, in every case, be divided by 
the divisor giving the smaller remainder). ` 


It is easy to see that, by the process just explained, the equation 
А:--Ву--О can be solved in integers for all integral values of A, В,С. 


The roots of the equation Av+R,=By+R,. obtained by Áryabhata's 
method, will be respectively of the forms Bmt+a and Amt+f8 where а 
and В are the least integral roots of the equation. 

ө 


For, Аа+ R, —Bf-- B, by supposition. 
Also ABmi— ВА тї 
A(Bmi-Fa) РЕ, =В(Ат +8) +8, 


As the least value of nis BB+R,, itis obtained by adding the greater 
remainder R, to the product of the corresponding divisor B and the 
remainder left on dividiag by A (£e, the divisor giving the smaller 
remainder) 8 the lower of the two numbers obtained finally from the 
веб of equations (7)—(12), which is the general value of y and is 
of the form Ami--B. Hence, Aryabhata says “ Unagracchedabhajite 
Segam-adhikdgracchedagunam dvicchedagram *=adhi а ügrayutam."' 

It is probablgin the manner shown above that Aryabhata arrived 
at the following rule: ° 


“ Adhikiprabhagahdram chindyat ünügrabhdágahürepa 
Sesaparagparabhaktam matigunam-agrantare kgiptam 
Adha-uparigupitam antyayugünügraochedabhüjite Segam 
Adhikagraechedagupam dvicchedágram-adhikügrayutam," 1 


Its meaning may be stated thus: 


To find & number which, when divided by two given numbers, 
leaves given remainders, divide the divisor corresponding to the greater 
remainder by the divisor corresponding to the smaller. The divisor 
in this operation of division should then be divided by the remainder 


* This term means the number answering to the two (dvi) divisora (cheda) and. 
the two remainders (agra), 1.6., the required number. 

4 This rule, as it stands, is not applicable when the number of quotienta is even, 
This defect has been removed by Brahmagupta, 
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given by this operation. | This process should be continued во long as 
the remainder does not vanish. The quotients of successive division 
should be set down, one below Не other, in а vertical line in the order 
in which they are obtained. Set down any assumed integer under these 
quotients and the difference between the given remainders under it. 
Then multiply the last quotient of snocessive division by the assumed 
integer and add the difference between the given remainders. Conti- 
nue this process of multiplying a lower number by the one just above 
it and adding to the product the number just under it. Finally two 
numbers will be obtained, the upper one being the quotient of division 
of the required number by the divisor corresponding to the smaller of 
the given remainders and the lower one the quotient given by the other 
divisor. The lower number should be divided by the given divisor 
corresponding to the gmaller'of the given remainders. The remainder 
thus obtained, being multiplied by the divisor corresponding to the 
greater of the given remainders and then inordéhsed by the greater 
remainder, gives the least number answering to the two given divisors 
and the two given remainders. The implication is that the least num- 
ber satisfying the'given conditions can also be obtained by multiplying 
the remainder, obtained as the result of division of the upper number 
by the divisor corresponding to the greater*given remainder, by the 
divisor corresponding to the smaller given remainder and then adding 
the smaller remainder to the product. . 


The reader will now easily ace that this rule of Aryabhata, which 
also supplies an unlimited number of integral solutions of the equation 
Ал--Ву--О, follows, by simple and natural stops, frome the first four 
simple rules and does not depend on Huclid’s method of finding the 
greatest common measure or proving by that process that two numbers 
have no common factor. No one will deny that Aryabhata and his 
Indian predecessors were quite familiar with the first four simple rules. 
Applications of these four rules can be found in abundance in early 
Indian works also. Therefore, Kaye’s remark that “ nowhere in Indian 
works do we meet with any process atall that could lead up to the 
rule” is without any foundation whatsoever. f 


With reference to Heath's observation that the geometrical form of 
the Indian solution of the equation ey =as+by +o (given by Bhāskara), 
it may be pointed out that Geometry, in some shape or other, had 
independent existence everywhere and that it was not the monopoly of 
the Greeks, The nature of Indian Geometry shows that Indian mathe- 
maticians never came across a Greek geometrician or a Greek géometri- 
cal work. If the facta had been otherwise, the nature of Indian 


A 
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Geometry would have changed beyond recognition. For, of all branch- 
es of mathematics the Greek treatment of Geometry would have 
appealed most to the extremely speculative Indian mind. If, without 
external help, Bháskara could make the important suggestion of using 
the letters of the Devanagari alphabet for unknown quantities in 
Algebra * and anticipate Kepler's method of integration, + would it be 
impossible for him to discover a geometrical solution of an algebraioal 
equation? If Heath finds an undoubted proof of the alleged Greek 
origin of Aryabhata’s value of m in the fact that the value is expressed 
in terms of thé Indian numerical unit ayuta which happens to be the 
same as the Greek myriad but which has been in use in India ever 
since the time of the Yajurveda, t.e., from before the Greek civilisation 
came into being, it is nota matter of wonder that the mere gecmetrical 
form of the Indian solution of an equatioh suggésts to him the possibi- 


lity of its Greek origin. 
Summary. 


From the foregoing discussion we arrive i the following conclu- 
sions : 

(1) It is not likely that Diophantus solved the Pellian equation in 
integers in the lost Books of the Arithmetica. 

(2) For his solution of the so-called Pellian equation Bhüskara is 
indebted to Brahmagupta and Aryabhata and not to any other source. 

(8) Kaye's low estimate of Brahmagupta is based on & very serious 
misreading of facts. Brahmagupta’s important contributions to the 
solution of the Рап equation in integers are not due to Greek influ. 
enoe and inspiration. 

(4) Awyabhata's solution of indeterminate equations of ihe first 
-degree om whieh Bh&skara’s solution of the Pellian equation partially 
depends was evolved, by easy and natural steps, from the first four 
simple rules and not from any foreign source. 

(5) The hypothesis of the ultimate Greek or Бш origin of the 
Indian solution of the so-called Pellian equation, therefore, cannot stand. 


ж -Vija ganita (Sudhakar Dvivedi’s edition), p. 112. See also Bulletin, Cal, Math. 
Soc., Vol. XVIII, p. 78. 

t Р. С. Sengupta, Papers on Hindu Mathematics and Astronomy (Oalontts, 1916), 
pp. £9 & 20, 


Bull., Cal. Math. Soe., Vol. XIX, No. 4 (1928). 





2 . 
ON THE CYCLIC PROJECTIVITY 


“Ву . 
C. V. H. Rao ав» Smv NARAIN SAHGAL 


(The University of Punjab) 


We begin in Art.1 with a simple result on the*united elements of 
а oyclic projectivity between threeelements that finds an application 
in the theory of plane cubic curves. We then show in Art.4 that 
what * is known as the Hessian of a cubic form has a deeper significance 
whieh places it in relation with the theory of the Hessian curve of a 
given cubic curve. We give in Art. 6 -Lemma* on the general form 
of order-s in two variables and proceed i in Art. 7 to the main- burden 
of the paper, viz., а general result on ẹ certain type of algebraic equa- 
tion, the proof being based on the ideas of cyclic projectivity put to- 
gether earlier in the paper. We also explain the connection of the 
general result with the metrical properties t of the pelar curves of n 
given ourve, and close with a particular result of ctnsiderable interest 
in itself. ps i 


1. Given three points А, B, C on a line or a сопіс, takipg A’ as 
the harmonicof A in regard to B,O and defining similarly B’ and C’, 
it is known f that the three pairs AA’, BB’, dnd CC’ are all harmonic 
in regard to a single pair of pointa U,U’ and the relation between the 
two triads АВО and A'B'O' is symmetrical, Moreover the quadratic 
form yielding U,U' arises as the Hessian of the cubic form yielding 
ABO and equally as the Hessain of the form yielding АВО. The 
points U, U' are in fact the double points of the projectivity ABCA 
BCA as also of the projectivity A'BIC'ABIC'A, . _ 

1 
a Of. Goursat and Hedric, Vol. T, p. 60. 
+ Of. Olifford, * Collected works’, p. 115-118. 
f Baker, ‘ Principles’, Vol. I, p. 174. owe 
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2, Given a plane cubic curve it isa known * fact that if the polar 
сопіс of a point P has a double point at P', so has the polar 
conie of P’ a double point at P. Such points as P,P’ then lie on 
another cubic called the Hessian on which they are said to constitute a 
pair of conjugate pots; and they are the united points of involution 
cut out on the line PP’ by the varions polar conics of the cubic. 


3. Suppose now that the line PP’ meets the original cubic in points 
A,B,C. Then we shall prove that PP’ are the united points of the 
projectivity ABO A BOA. For, let the polar conic of A meet PP’ in the 
further point A’ and so also let В” and O' be defined as the further points 
common to PP’ and the polar conics of B and О respectively. Then 
in virtue of the definition of a polar conic 4,A’ are harmonic in regard 
to B, Cand similiarly B,B' and O,O' are harmonie respectively in 
regard to C, А and A, В. From Ат. 2 it appears that PP’ are the 
united points of the involution of which AA’, ВВ, СС” are pairs; 
whence it follows from Art. 1 that they are the united points of the 
projectivity ABCA ВСА as also of the projectivity A'B'C'A B'O'A'. 


4. Givenacubic form yielding three points A,B,C the Hessian 
form thereof yielding two points P, P' is a phenomenon in the theory 
of forms and is independent of the theory of curves. The result proved in 
Art, 3 serves to show that there is a deeper significance attaching 
to this nomenclature, vis., that there exists a cubic curve passing 
through A,B,C, whose Hessian surve passes through P,P’ and has 
these two points fôr conimgate points thereon. 


5. The analysis may be exhibited as follows. Given three un- 
equal constants 03, G4, G3, if the equation 


To 2810001783 +09 =0 
y—a yas y—29, 


has a double root at y=y,, so has the equation 


Vo 71.907702 4.9095 —0 


2—8, т-а, @—8а, 


ж Hilton, ‘ Higher Plane Curves’, p. 241 
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also a.double root at =z, ; and the two roots ғ, Yọ are roots of the 
quadratic 


(s—a,)? (an — 24,)* --(s—2a4)? (a, —a,)? + (s—a,)?(a, —a4)? =0. 
Calling the two roots 2, and z,, itis an algebraic inference that 
3 1 + 4 1 


+ 


21777 бубу 04;--2, 4;--5; 














and z,,2, may herein be interchanged. 


The last statement is tae metrical expression of the known result 
that given a cubico curve and two points P,P’ such that the polar conio 
of either has в double point at the other, then the polar line of either 
point passes through theother. Asa particular case we may deduce 
the corresponding result regarding the sides of an inflexional triangle 
of a cubic curve and the pairs of vertices thereon. 


6. We now proceed to give indications of a generalisation® of the 
preceding work. We begin with the followihg Lemma. 


The general polynomial 
(а-6.)(ғ--с.)........(а--с.) 
where the o’s are all different can always be exhibited in the form 
Ma—a)"—pfe—B)* a g 


in an infinite number of ways when n is 2 and in just а unique manner 
when nis 3; on the other hand when п;> this is not true for general 
values of the c,'s and is only true under the conditions comprised in 
the statement that for some order of the c’s 


aptit... Ca авс, 1.046. 


* An early exposition of the main ideas about the general cyclic projectivity is to 
be found in three classical memoirs by Liüroth in the Math. Ann., Vols. 8, 9, 11. 
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The proof of this result lies in the fact that the e,'s are to be 


obtained from 


а-а uA (2—B)pi, — p," 


that is, 


шат eh Bp, 
le ^ u]X p; = = 


where the nth root has some definite value. 


Because а lineo-linear transformation doese not affect cross-ratios, 
any relation amongst the cross-ratios of the c,’s is equally true as a 
relation amongst the crosg-ratios of ће p,’s and vice versa. 


And finally it is a fact that if р“ equals unity and no two of the roots 
p, are equal, then Е 


0 oo pip... Pa A O 060p, ...-.- Papi 


for since p, may be taken as p' the projectivity that sends 1, p, p* into 
р, p°, p* respectively is 


» 
and this projectivity sends s=p* into y=p**t? and z-p"^! into 
y=p"=1 ; andas О? со for united points. This completes the proof of 
the Lemma. f 


” 


7. The following is the general result that suggests itself. The 
equation 


omt, =0 
іші y-—8, 


has a (n—1)-fold point at y=y, if and only if 


a 
200.00, Ato Gy s. 0,; 


1 
! 
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and the root is then at y=y, where y, is the second united point of the 
projectivity indicated, Under the same conditions equally is it true 
that the equation ` . ; 


| 

n 

"жу Уо, 9 . 
ill ғ--а; 


also has a (n—1)-fold root at 2-2, Woe assume throughout that the 


n quantities a, are all different. 


The proof is aa follows. Given the group of n points on a line 


(2—а,)(2—а,).......«..(а-а,) 


the first polar group of the point #=2, 18 given by ` 


=(—а,)](»—а, )==0 


and consists of (n—1) pointe distinct in general. Now consider a curve 
fi +, y, 2) of order n meeting the line AB jn the n points mentioned. 
The first polar curve of A is then f,=0 and is a curve of order (n—1). 
It will have а (n—1)-fold point at В if f, is independent of y. Thus 


f.—fean ә) 
whence mE °° 


fa, 8).-id- (у, ғ), 
| =g" oy" san, ғ)... ely; ans 
=a" —oy" +22(a, s)... yr(y, 2) a» tds"; 


and because of the symmetry as between z and, y, it follows that the 
first polar ourve of В has a (n—1)-fold point'a& A. The intersections 
of f with AB sre thus given by 


+ gm" —oy* =), 


and their parameters as points on the line are p* where p* equals unity. 
We have seen in Art. 6 that for such a group of points the relation of 
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cyclic projectivity holds, the united points being A, B as already shown. 
This completes the proof of the result. 


. 
The particular case when n eqnals 4 is of interest in that no imagi- 
naries are involved, and may be put down as follows. Given that the 
equation 5 





has a triple root аф y=-y,, the necessary and sufficient condition is that 
(a, b, с, d) = —1 and when this condition is satisfied it is equally true 
that the equation 


. 

Yoa у Yo) + M00. Youd -0 
®—a 2—b т-с т-а 

also has a triple root at w=r,; and that if a, b and o, d are the two 

pairs that separate each other harmonically, then ғо, Yọ represente the 

single pair simultaneously harmonic with respect to both а, b and c, d. 

This particular result is capable of easy independent verification. 


Bull. Cal, Math. Soc., Vol. XIX, No. 3 (1998). 


_ ON A CLASS OF TRANVERSALS CUTTING 
THE SIDES OF A TRIANGLE 


BY 
Монітмонам Оновв 
(University of Calcutta ) 


1. Some of the following three propositions are so simple that I 
suspect them to be known already though not to my knowledge. They 
can be easily proved with the help of elementary geometry. 


Proposition I, Р іва point on the side AB of the triangle ABC. 
The lines PQ, QR, RS, ST, TU are drawn so that PQ is parallel to BC 
and cuts AO at Q, QR is parallel to AB and cuts BO at R, RS is 
parallel to AO and cuts АВ at S, ST is parallel to BO and cuts AC at 
T, TU is parallel to AB and cuts ВО at U, UV is parallel to AC and 
outs AB at V. The point V coincides with P. 


Proposition II. The proposition remains true if the lines PQ, QR, 
etc., instead of being parallel to the sides BC, АО, eto., be antiparallel to 
them. 


Proposition ПІ. The proposition will hold if PQ be parallel to the 
chord of contact of a circle touching АВ and AO, the other lines having 
similar property. 4 “ 

The object of the present paper is to find а more general class of 
similar transversals and to investigate their properties, 


9. Let P bea pointon the side AB of the triangle ABO. The line 
: : PQ makes an angle 0 with 
„ BA and outs AC at Q, QR 
makes an angle ф with AC 
and cuts ВС at В, RS 
makes an angle y with CB 
and outs АВ at B. The 
construction is repeated 
starting with S and giving 
rise to the points T, U, 
and V. To find.the condi- 
tion that V may cowcide 
with P, 
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е 


T а __ sin (А--0) 
Let AP-—z so that Аб posee 
za sin 6 r sinô 02 
DERT (А+0) ^ Es PRSE (A+6) ” 


CQ _sin (0+) 


Agun OR sing С 


— sing 22 BinÓ 2 
Raat} sin (A-+4) $' 


sin Ф віп 8 
Iac BID EA 5- -------. . 
апа BR a віл (04-9) sin (A+6) 4) 


А BR _ sin: B+y) 
Also 5s зш. 


sin y 


„Абс. siny _ sing | = sind ot | 
A AS=0 sin (BJ) L^ sin (C+) E "rr er $ | 


tti sin y - sinó _ sin 6 A: 
Tue E DIE Paso C9 ELO Қаш 


e. 
we find BScocf-ap-Kbpq—pqr«-L —M, say. 


The point S is now on the same footing as Р, во that if V be the 
second position of B we must have 


AVzL-M(L-Mz)zEL-LM-M32-zif V coincides with P, 
 L(L—M)=2'1—M?), 


This relation must hold for all values of ғ. It must thorefore be 
` вп identity which is obviously the case if M=1, £.e., pgr=1. 


Giving to p, q and ғ their proper values the condition becomes 
sin (А 4-0) sin (8+4) sin O--)=sin 0 sin ф sin y. 

J In Prop. I, 0=B, ¢=A and y—C. = 
ie Prop. II, 0-0, ¢=B and ¥y=A, 
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| , 


1 
- In Prop. HI, @=7E4 , ¢= ze and y= 








x—B 


2 2 


- | 
Hence we enunciate the following general proposition: 


If from a point P on the side АВ of the trifngle ABO we draw a 
line PQ making an angle 0 with BA and cutting AO at Q if QR 
and RS be similarly drawn making / s $ and у with AC and CB, then 
we shall come back to the starting point after a single repetition if 


sin (A+6) sin (B+y) sin (0+) —sin 6 sin ф sin y 2. (@) 


3. Again since A8B—C—ap—bpq—pqrz, by equating this to a, the 
point B, for all values of Pig and r may be made to coincide with P, so 
that instead of віх lines forming a hexagon we get a triangle insoribed 
in the triangle ABO. 


In Prop. I, it is the triangle formed by the mid points of the sides, 
„in Prop. 11, it is the pedal triangle. Both these triangles йге homologi- 
cal with ABC. . 
We shall now prove that in the general case also the triangle thus 
formed will be homological with ABC. 


Let АР «2 
If Scoincides with P, the trilinear co-ordinates of P,Q and R will be 
[bp{a—gib — rt}, at, 0], [o(b—14), 0, art], 

and [0, cq b—rt), b(a--qU£ ey]. 


Formiüg now'the équations of АВ, ŠQ. ndi CP, the condition that 
these lines may meet at a point is found to be . ° 


at, —üp{a —g(b—rt}, 0 
art, 00 , —clb—rt) 
0 —b{a—q(b—rt)}, cq(b—rt) 








or, pgr—1 
І 


Hence we get а geometrical interpretation of (1), viz., 


The lines PQ, QR and RS are parallel to the sides of a triaqgle 
insoribed in A-BC and- homological ‘with it. 
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4, ‘Let us now denote the second series of points by P', Q' and В’. 


Putting AP=a,, AQ=a,, CQ=o,,. 


ОВ--с,, BR=b, and BP’ =b,, the 
condition (1) reduces to 
a,b,c, =a,5,c, .. (9) 


When the hexagon reduces to a 
triangle, P' coincides with P, so that 
b, =0— а, and the condition reduces to 





с 


(1- 2 \Q- xen )+1=0. 


5. Another geometyic interpretation of (1) and (2). 
Let us take the hexagon as before, the condition a, b,c, —a,b,c, gives 


AP. BR. CQ.—AQ. CR. BF’. 





As the position of P’ is similar to that of P, starting from P’ wa get 
AP’. BR’. 0Q'=AQ’. OR’. BP. 
-. AP. АР’. BR. BR’. CQ. CQ'.—AQ. AQ’. OR CR’. BP. ВР. 


Hence from Cagnot’s theorem we see that the six points P, Q, R, 
P', Q', and R lie‘on апіс, 

If we calculate the barycentric co-ordinates of P, Q and R under 
the condition a,b,c, ==a,b,¢,, the equation of PQ is found to be 


ж y z 
с-а; а, о =0, 
б, o b—oc, 
or a, (b —c,)e— (b--c,)(c—a,)y —c,0, 0. 


Similarly the equations of QR and RP’ are found to be 


—(a—b, )(b—c, )w—2,0,y+¢,(a—b, Je=0 


and, 
—-(c—b, )w+b,b,y—b,(a—b,)s=0 respectively. 


, 
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. the points of intersection of PQ, QR and RP’ with BO, CA and 
AB respectively will lie on a straight line if 


о —0,0, (b—o,)(c—a,) 
б, 0 b—c, * =0 
b, c—b, о 


2.6., (1- = ) (1-2 )=1 . 


When the hexagon reduces toa triangle c~a,=b, and c—b,=a,, 
so that this condition is sati$fied. Ав the two triangles are in perspec- 
tive we get another proof that when the hexagon degenerates into a 
triangle, the triangle thus formed is always in perspective with ABC. 

6. We shall now give а third and more elegant geometric inter- 
pretation. 


The lines PQ, QR and RS are parallel to the chords of contact of 
an inscribed conic. 


With the previous notation the co-ordinates of P, Q, R, and P' are 


(5% а, o) б; а) (° с, ees) 
c "c! Ж ы $ b Ы 3 a’ a 


and ( РЧ „0—65 ; o) respectively. 


7 








Writing the general equation of an inscribed conicin the forms 
(руч уе Аа) = рус, (уг Ха ду)” ае 
and (Ar+py—vs)*=4Apry, 
the three chords of contact are found to be 


му-Еу2-Ха-0О, vet+Ao—py=0 and Ag+ uy — vs —0. 


Since PQ passes through P and is parallel to ug --vz—Àe—O0, its 
equation is 


(А+ ja, rH (A+ 2) la yt 1e(v- X) a OR )] 20. “ 
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Putting y—0, thé co-ordinates of Q dre found to be 


(*Xe—!'Atu), „у (Аја 
(v - À)c 4 "(Aye ` 


In the same wey the co-ordinates of R and P' are found to be 


0 (v+A)c, (u+r)b= tA), 
Co (и+>}$' (u+v)b ` 


and . 
(в-Һу)В, Qc ia — (Gi JE y)b, А 
ШЕТТЕ А “ТЕ gc E А 0 respectively. 


Comparing these with the co-ordinates found already we have 





pona ШЕ з O-+#p)a 
a, _ o(v+rA b, - #А+д) а b (pty) 


a, АЗЫ)” D. 7 аз” cQ apr) 


Labin =f, 
a,b,0, 
the lines parallel to the chords of contact of an inscribed conic 


form a closed set of six lines, 
The converse of this can be proved without any difficulty. 


7. By comparing the equations 1, ttm,y+n,z=0 (r=1, 2, 3) with 
py b va— № 0, etc., the condition that PQ, ОВ, and RP may have their 
equations l, r - m, y +n,z=0, eto., is found to be 

Ф е 


(n, —1,)0, -т,)(т, =r) t+ -ңт)»%,- maó)(n, —1,)=0 


If the lines be given in the form 


Х-а, Ү-у, Й—в, ‚ (r=1, 2, 3) 
1, т, », 


the condition becomes 
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Farther if the equations of PQ and QR only be given, the equation 
of RP’ will be 


2 -у 2 

е 
Tha =n, nl, Һ-т, =0 
т,--", - "4-і l,—m, 


when the hexagon reduces to a triangle these lines become the actual 
chords of contact and we get the proposition 

“If a triangle be inscribed in another triangle and be homologous 
to it, а conie may be inscribed in the second and circumscribed to the 
first." ә 


In Prop. I and Il, these conics are 


Vet ^^y + Мат=О 
and 


Mzcob А +VycotB + VzoobO =0, 


In Prop. ІП, it is the incirole. 

8. In all these propositions the points P,Q eto., аге taken on the 
sides of a triangle but similar theorems hold in the cases when the 
points are taken on certain curves. A few propositions of this nature 
are given below. . 

From a point А on а circle, а line AB is dragyn patallel to a given 
line (1) and cutting the circle again at B; from Balineis drawn 
parallel to a given line (2) and outting the circle again at О; from Ca 
line is drawn parallel to а given line (3) and cutting the ojrole again 
at A’. Starting from A’ the construction is repeated, the point A" 
must coincide with A. 

Proof:—If 0 be the eccentric angle of A and the lines (1), (2) and 
(8) make angles 6,, 0, and 0, with the axis of z, the eccentric angle of 
A’ will be found to be 


m 4-2(0, —0, --0,) —6. 
А! being on the same footing as А, the eccentric angle of A" will be 
т+2(0, —0, %6)- {r +20, -0, +0,)—6} =6. 


Hence the proposition, Projecting we may deduce Pascal's Theorem,» 
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Another proposition of the same type is the following: — 


AB is a chord of a circle making an angle 6 with the tangent at A, 
the chord BC makes an angle $ with the tangent at В, and cats the 
circle again at О, the chord CA’ makes an angle v with the tangent at О 
and outs the circle again at А. The construction is repeated starting 
with А. The point A” must coincide with A. 


It is easily seen that if the vectorial angle of A is О, the vectorial 
angle of А’ is 2(0—ф +0) —0, whence it is at once inferred that A" will 
coincide with А. • 


У. We shall now take the points on cubic curves and deduce 
similar propositions. 

Through a point P оп the cubic aBy+k(aa+bB+cy);*=0, PQ is 
drawn parallel to an inflexional asymptote Cutting the cubic at Q, QR 
ін drawn parallel to a second asymptote cutting the oubic again at В, 
RP’ is drawn paralle? to в third asymptote and cuts the cubic at Р’. 
The construction is repeated starting with P’. The point FP" thus 
obtained will coincide with Р. 


Let Р be the point (а,, B,, у,, ). It is easily seen that the sides of 
the triangle of reference are the asymptotes. 


The equation of а line through P parallel to BC is 


a(bB, +ey,)—ba,B—ca,y=0. 


х y= 458, + сүт) —Ба,В 
Р e $ ca, 


Substituting in the equation of the cubie, for the point Q we have 


- op ЗОВ жеу) cte +0} aa+bB + GORGE ын Гео. 


ава, *{a(bB , +ey,)~ba, B) +ck{a(aay +58, +оу,)}° =0. 
7. afa, * (a(bB, -Fcy,) —ba, B] —0a*. a, By, =0 * Plies on the cubic. 


^ a* cg y, —afla, (bB, +су,) + B*ba,* —0. 


2. for the points P and Q 


^ . П 
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But for the point P,  =—21 
B е 
y . for the point Q, 2 == фо, . 
B сү, 
In the same way for the point Q, < = (41. 
Uy OB, 


2, for the point Q, a:Biy=beay:c*y, :5* B, =a, : B, Ya, вау. 
In the same way for В, «:B:y=b°8, :a*a,:aby, =а,:6,:у, 
е 
For Р’, a:B:y=c*y, :ca, :a*a, =а,:В,:у,. 
. 


Expressing o,, В, and у, in terms-of a,, 8, and y, we have 
a, 1B, y, Ы B, :a*a, :aby,. 
For P", a, :, :y, =b R, :a*a,:aby, —a*b*«, :a*0* В, :a? b? y, 


=a, ify iy. 


^ P" must coincide with P. 


If we take the cubic afy+(lat+mB-+ny) (ao%B+cy)*=0 and 
perform the above construction the same result follows. 


This may be deduced AIR ав before or we may prove it by 
the Theory of Residuation. 


10. A point P on & cubic is joined to а real points of indexión and 
cuts the cubic at Q which joined to a second real point of inflexion 
cuts the cubic at R which again joined to a third real point of inflexion 
cuts the cubic at Р. The construction is repeated starting with Р’. 
The point P" must coincide with Р, 


If we take the canonical form of the cubic, viz., 
ту? +s! + 6meys=0, 
the three real points of inflexion L, М and М are 
(0, 1,—1), (—1, 0, 1) and (1,—1, 0). 


Let P be the point (v,,.91; 71). 
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The equation of AL is 


2 y 8 . 

г, =0 ——2(y +s) we 1 
: Уі 5; ог g y. Ё, » 0) 
0 1-1 


224 iy +e) 4 y? 425 —6m w (yte) 9 
(yite )* y +2 yz “у,4», 


In this equation the co-efficient of y? is the same as the co-efficient 
of 2°, 


But one value of » is а and the other value ін —1. 
1 


^ €: ex point Q, У шз 


„ У 
whence from (1) we get for Q Sata tiv, a 
в ; ба 5) PA ШТ У% f. T 
In the same way for В, =Y = 5) —У mA, say, 
$9. Уа 2; 6, Уз Zs 


Similarly for P’, E LN 


Expressing #,, y, and ғ, in terms of #,, y, and s, we have for P'. 


Thus when we traverse the oubic only once the first and the 
third co-ordinates are interchanged while the second co-ordinate 
remains unchanged. 

2. after traversing twice we get the same set of co-ordinates, 


3. es P" coincides with P. 


^ 
Bull. Oal. Math. Soc., Vol. XIX, No, 4 (1928). 
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ON THE COMPLEX MULTIPLICATION OF ELLIPTIC 
FUNCTIONS WITH IMAGINARY MODULI. 
By 
„В. С. Mirza 


(Dacca University) 
Introduction, 


1. The object of the present paper ів to give several cases of 
complex multiplication of elliptic functions with imaginary moduli, by 
means of a method first used by Oayley * for the transformation of the 
third order. 


The method of Oayley does not appear to have been used by any 
subsequent writer, For this reason the results given by me are believed 


to be of some interest. r ж. 


Мау 


9. Oonsider the differential expression “ау (1-5 


Write y= where U, V are rational and integral fuuctions of 


2, one of them of order p ‘and the other of order por p—l. 
It is well-known that the co-effüeients іп U, V may be so determined 
ан to lead to an equation : 


Мау da 


A (1—y3)(1—v5y?) " A(1—2*)(1—4*2*) ` 


* Proc, І,.М.8., series I, Vol. XIX. N 
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Modulus Corresponding to A =5. 


3. In the Jacobian notation, the modular equation of the 5th 
order is 


1/9 —0* deu? 2 (uy? р?) + 4un(1—utyt) —0. 


Complex multiplication will take place if u8 v5, or v —yu, where y is 
an eighth root of unity. 


Putting v=yu in the modular equation, we get 
4y*u* + (у + 5у* —5y? — 1)u* — &y m0, 


(а) Let, 


Then the equation becomes 
yo! t (1—y*)u* — y 0. 


If у =1, ч8-1 and we have a non-elliptic case. 


Similarly for y?— —1, иб-ш--1 and we have the case of the lem- 
niscate function. 


(b 1f y=, we @an take y? =t. 
Then we get the equation 
- dey +6(L hy) че 40. 


Therefore 


fact). _ Gai, 
2y Y 


But the quintic transformation is given by 








Я 1—у oim 1—о2+ 82? y 
L 1+7 1+2 1+a2+ Bat 





where Е 
l 4 v—u 419 
2&+1= —= ; ‘= 
ЫШ M v(1—uv*) В v? 
6) When І S 
ЖЕКТЕ 
2y 
we geb . 
A=, Фет p =—(@—1) 
7 LJ 
Therefore 


1+isn u— U’ antu " 
1+80(94—1)и ^  1—sn u : 2 


1—sn(2:—1)u ^ 1+ва « = 
1—tsn u— 83. ы 


(4) When 
sas uu HET 
Y . 
we have - 
В=—2, 2а+1= ap =— (2+1) 
Therefore 





1+Евп (22-1) _ 1—snu ( l4 (14-£) snw—(1—2) an*u y 
1—80 (Qi+1)u 1l+snu 1—(1+7) snu —(1—:) вивч / 
Modulus corresponding to A= 7. 


4. The Modular équation of the 7th order is 


(l—u®) (1—9*) z(1—uv)* . 
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Putting v=yu, we get the equation * 
8(yu? +y7u'*) —928(y*u* Фу: a) -56(у%ие -үи19) _ 


—70y*u® — 2u" =0. 


(a) Uf we take y*—1, we have / 


2(yu? Ty'si*)—7(ytu* yout?) +14(узие T5919) —18y4 4° =0, 


Putting yu*=s, we have 
2 (ғ =) -*( s+ i) +144: + ~) —18=0. 
& B £ s 
. 1 : 
Putting s+ —-—y, we get 
в Nx 9 


- Qy? —Ty* + 8y—4=0, 


or (у2д)(ду* —3y-+2)=0. 


The quadratic factor gives 


_ Зьм 
2% а ш, 
“. 


Taking the upper sigu we get 


уи" apn lt vit and 1-45 
2 


4 


The septic transformation is given by 


1—y.1—2/( l—az4 82% —у, ә? ) 
Ty 1424 l-Raz-B2! tyw’ 
where І 


| 1 loa ' 
» 2a-F1-—., =) » T1 =<, 


r 
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d 1... 7u(1—uv) (1—uv-Fu*o*: 
an M а 


(4) When qui = tt ИА we have . 


1 xl 
d ao 6и 
an M 74. 
e 
Therefore 


1--вп А/7%у 1—80“ 
1—вп siu 1+80 4 . 





14 G4 YI) sn upi) gn*« + Gr) sn*« 





m u CVETI) а —- GEVI x вп? 


x = 
1-І Vi) 
2 


(4) When уч? = EVA wahave „ °» 
sk -4 е 








ажин) „_ 8-6 _ 7—5. 
BP oe ge gl pes mg. Pee IB 


Therefore 5 


1+an/7iu — 1—80 6 
1-вл/ Ті 1+8 6 





( (1+ 71) (BVT _ ($— A71) 
5 
1+ атт sn u+ == sn?u+ ar sn*u 





v di ORE NERO RENDERE аа UE reos 
| 0800 sn up EEVT ontu- Қызы ЖЫ вц? [|*. 
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(b) Ifyt=—1, the equation becomes 
2(1- убт *) —"7(yu? --у%419) LiA(ytu* +y*u*) 
• --17ү%6--0. 


Putting уи“ == and apt шу, we get the equation 
в 


* (у-1)0-3)-0. 


The first factor corresponds to A=8, while the second factor corres- 
ponds to Д =7. - 


Since y= 


> we have 


5% -%4 1--0, 
or үй eae д ЖУ, 


ІН we take уч? := 


вно , weget 


дыры 8 ee T 4 pov (М1) 
u*-— (XY. g аш A, 


ge - (lc A) _ 9-5 7s 
= a eae зал, yi ——ч 


Therefore 


1-вп/ Tiu 1-80 u 
lanv Fiu ltsn u 


салага (11+ Л) шы. (975 T2) gas 


% 
16 BDH | 
х — т — 
жы СУ Dan u- (11+ ~v Ti) ЕТІН = Ti) шы | 








ч 
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Some other moduli. 


. 
5. Ineach of the following cases, I shall dimply indicate the method 
and give the result. The process of finding the result is the same as in 
the preceding Arts. 


(a) Modulua corresponding іо Д =11. 
This is obtained from the modular equation of the 11th order. 


Putting ун" =ғ, үйші, and :-1 =ty, we get the equation 


(2y-+3)*(y* —3y*—-y+7)=0. 


The second factor corresponds to A —11. 
Making uso of the oxpression* ` ` 

2 ТЕТЕ Ж ЖАСА 
АМ? dk | v(1—9*) du 


Se, mees S -- 
mM = TNF д1) de 


1 
find that | МӘ----, - 2 : 
we 8 11: a . { ©, 2 


(b Moduli corresponding to A=15 and A =19. 


These moduli are obtained from the modular "equations of the 19th 
order. 


Let үні =z, E zy and у*=1. 
We get the equation 


(4r +170100 y +64) (i +112103 уч) =0. 


* Jacobi-Fundamenta Nova, p. T5, 
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Therefore 


By! = — 07-1219) +2017 8—7 4/15) 


and By? -.— 7935 i (17 84-7 v15). 
Both these values porrespond to A=15. 
Again putting, ^ yu*-—z, s— ll.» and үйі. 
в 


We get the equation ? 


(a4-1)* (5 ^х* +3269) (46° 22—11)? <0. 


The cubic factor corresponds to A=19 and M° = — iy The equation 


45% —2х—11=0 corresportds to A =15, and gives 


= 14845 
4 


My best thanke are due to Dr. G. Prasad, D.go., “who kindly 
suggested the problem ѓа me and took great interest in the preparation 
eof the paper. 


Bull. Oal. Math. Soo., Vol. XIX, No. 4 (1928). 


5 
ON THE SUMMABILITY (C, 1) AND STRONG SUMMABILITY 
(C, 1) OF CERTAIN DIVERGENT LEGENDRE SERIES 


BY 


j H, P. BANHBJEA 


It is well known * that the Fourier series corresponding to a 
contintous function is convergent (О, 1). A'dfrect verification of this 
theorem for the case of a continuous function whose Fourier series is 
divergent аё а point was first given f by Fejér. The corresponding 
theorem for the Legendre series was first proved by Haar} and sub- 
sequently discussed by Chapman, $ Grouwall, || Lukàcs є апа Fejér.** 
The direct verification of the convergence (О, 1) of . certain continuons 
functions whose Legendre series diverges has been taken up in this 
paper. I prove in Art. 1, that the Legendre series corresponding to the 
first function given by Lukács t1 is convergent (6,1). In Art. 2, I 
prove that the second function f} of Lukàcs algo possesses this property. 
In Art. 3, I show that the series corresponding to both the functions of 


zx ы » 
* "Untersuchungen über Fouriersche Reihen ''—L. Fejér (Math. Ann., Bd. 58, 
1904). See also Comptes Rendus t. 191 (1900) and t. 184 (1904). 
+,“ Bur les singularités de la série de Fourier des fonctions continues "—L. Fejér 
(L'Ecole normale superieure, tome 88, 1911). 


rc Über die Legendresche Reihe ''—А. Haar (Rend. del Ciro. Mat. di Palermo, 
tomo 82,1911). See also Math. Ann., Vol. 69, 1910. 

$ Quarterly Journal of Pure and Applied Mathematics, Vol. 48, 1912; Math. Ann. 
Ba, 72. DA CC | 

|| Mathematische Annalen, Bd. 74, 1918. 

{| Comptes Rendus, t. 157, 1918; Math. Zeitschrift Bd. 14. 

© Mathematische Zeitschrift, Bd. 24, 1926. 

Tt Mathematische Zeitschrift, Bd. 14, 1922. КОЕ 

tt Ibid, TEM. ake duri fe XM eR 


Е 
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Lukàes are strongly summable (C,1) * In Art. 4, I discuss for 
increasing п the infinitary behaviour of 


> |in |f, for ¢>1, 

"с 1 

where s, із the mth partial sum of the Legendre series and s the value 
of the function at the point considered. £ E 


My best thanks are due to Professor Ganesh Prasad- for enconrage- 
ment and interest. 


1. Lukücrs first function. 


Let ЕСЕ Pix, "E 


where 7, (8)— Ау ІР, (сов 0) —1 »-2 (сов 6)) (1--сов 6),- 
and v,=n°, < 


It has been proved ł by Fejér that 
А | Vv (P, (оов ө) Р, 4g (сов 0)}1< 0, ... à) 


for all integral value of v, О being & constant independent of y and 6c 
"Hence ^e "oe 


20,2 a ІР,» (cos 0) — P. , 9 (сов 6) (1-сов 5 6), 


is, on account of the inequality (2), easily seen to be'a continuous funo- 
tion of 0, being the sum of an absolutely, and therefore ‘uniformly, con- 
vorgan? series. 


% In Comptes Rendus, t. 156, 1918, Hardy and Littlewood baye ~ that under 
certain restrictions if the Fourier series corresponding to f(x) ia convergent (0, 1), 
it is algo strongly summable (О, 1). In Fundamenta Mathematicos, Yol. 10, deat, 
A. Zygmund proves the corresponding theorem for normalised orthogonal fonctions. 
Thus Art. 8 is в direct verification of the theorem, corresponding to Hardy а and Liftie- 
woodsa theorem, for the Legendre series. 

"қ Mathematische Zeitschrift, Bd, 94, 1926, 
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The kth partial sum ғ, of the Legendre series of (6) is 


n= $ zal Р, (вов ol Р, (cos d) Ф (Ф) sin $ d$ 


rap 





) | 


0 


- a "M ағынын 6,—Р,,,(2)Р, (cos 0) ) 


сов 6-« 
(putting acon ф) 


1 
hl © мп +1 Р,(2)Р,.,(сов 0) —P,,,(2)P, (cos 0) 
= сов 0—2 


^ ІР, (2) Pae +2 (9 )(1—2)ds 
Hence putting 6=0, 





1 
ое ті = m (Pi) —P1.,G) {Pye (2) — Pqe ye (М4 


sel 


-i 








Во we have " "4 
. 
" ылай ^/n9 +1 1 
м = BET 
. . 
^n$ 4-1 1 
6 
OD өз Санап 
25 Мз +1 1 
$4541 = +2) n? 2n* 4- 5' 
мл? +) 1 ‘ 
$5049 =— (9° 3) = In? tb’ 


for all integral values of n. For all other positive values of k, such 
that k is not of the forms n+l, n° and 554-2, (n—1,2,8, .. ; the values 
of s,(0) are all zero. 
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Hence, although the values of г, (0) are either in absolute value very 
large or zero as k becomes bigger and bigger, 
. 











=" E z mn Мп +1 4 0*3) M 
k+1 emi (ont “mpl t n* 98941 





п +8 Мпе+ї o те +3 ete | 
n! " Wat n One HB |+» 


N being во chosen that N° < k+1 < (N4-1)*, 


Thus . MES 














Р x к 
i ну Е 2 PE exi 
k+l 2 iH ое; 
5 145 l 
1 5 
“с әз poi DU 
ВЕ (1+ s )(1+ a ) 
kei 


Here the numeratow is for large values of N of the same order as 





= 3 and as this series is absolutely convergent, the numerator tends 
n , 


to a finite limit, say O’, where О’ is an absolute constant, 80 that 








Thus the divergent Legendre series corresponding to the continuous 
function Ф(0). given by (1) is convergent (C,1) at 6=0. 


9. Lukdos’s second ecample. 


eee, 
v 
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Here we notice that on account of the inequality (2) of the previous 
article, the function Ф(0) is a continuous function of 0 and its expansion 


in a Legendre series gives . 
Ф(6)= =0+0+У Р, (cos 6)-+0— v? p. (Ge 6) 


si Р, (cos 6) +... 


+0+ ЖЫР „(оов 6) +0 “31 


The partial sum s, of the first (k--1) terms of this series for #=0 ів 
either 0 or very large as Е becomes bigger and bigger; nevertheless 


н A 
> &, (0) 2 > м 


Til RC . 


where N is so chosen that N! ¢ k < (N+1)! 





Thus 
48i 4/3! VNI 
MCN WEE 





— (8l, 8i „ўт 
+e } 


"E. g tt 
k+1 WNT * ` 





But we know that if M,, M,,...M, be a menotong increasing 
sequence of positive numbers and if S a, is convergent, 








lim M,a,+My,a,+...+M,a, =0 
on gcc Oe ТОТ” 
Therefore 
à . /91. V3! ` МГ 
im EL tm 2 [estj 
k> = уг T б? ЕЕ JNi 
` VN! \ 


D . =0, since k+1 ух 
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Thus iri this case, a8 well, thé divergent Legehdre series corrsépond- 
img to tha tontinuous function (6) given by ($) is convergent (©, 1) 
at 9=0. . 


3. То consider the strong summability (O, 1) of the Legendre series 
corresponding tó LukAcs’s first fuuidtion, we have, aitica (0) =0, 


= l 24—20) | sinn (n* +1) a xl. 
5-1 «әз (9% (8294-1) n*(2n? +1) 


+ 





(п +9) Vn F1. , ма] (nt 43) Е 
п? (2n* +5) e n? (2n* +5) 7 


whereas before № 6 k--1 < (N+1)é. 


Therefore i x 
k N ,/,441 
> | 4.--“(0) i 2 = ni 

a=0 sni.. 
k+1 kl 











EE a 1 
2 5 н! 1+5 

е acl а P 
. 5 fel 


The numerator here is for large values of N of the same order as 
2 в 


N 
9 € п te,aaN(N+)). 


ті 





Непсе 
k 
lim = 12.960) | im нш, 
* y ЗЕН pe Tee 1 
/ B SQQ Ho КОМ) у 
i (ON >% NFP 


e 


À The ы is theréforé Strongly summable (О, 1). 
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To disouss the strong sumrhability (C, 1) of the series corresponding 
І 

„the. second function of Lukàos, we notice that Ф(0) is &:ro and that 

jal sum is positive or zero. Then since the corresponding 






/nvergent (0, 1), it is ‘also strongly summable (О, 1). 


TT 


The same remarks also apply to the case of Gronwall's example 
(Math. Ann., Vol. 74). 


4. To determine the greatest integral value of 4 suoh that 
f k 
= | s, —9(0) 1 * 
azo =0 
kl 
е 


for the first function of Lukacs, we have 





N-1 5 

> K, z Js. [* > К, 
a= жш not 

k+l k+1 k+l | 


where K, denotes 





(ne 41)4 n?'-F(n*-Fl)' (пе +2) + (п +3)! 1 
nit f (2n* --1)* + (2n* Р5)‹ } [a > 


and N* < k+1 < (N41)*. 
“` 


N 
Here we see that for sufficiently large values of N, S K, 
ae) 
N 
is of the same order as © nf and this is O(N***). 
1 


Therefore the required greatest value of q is 4, since we have 


5 | в. —9(0) | * 
up 790. 
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€ For the second function of Lukacs, we have 


N pi | 
E [2,—Ф(0)1* > Ul 
amo 2: e ace , 


k+l 5--1 


where N! € k « (N41)! 


| аге BDF (м 
* » PEI + gre tena | 
“ КІЗІ 
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In the limit the right hand side becomes zero, when $—1. т e. g=2. 


` For q > 8, the right hand side is-infinite * in the limit. Thus the 
wv” required greatest value of q is 2. f 


Bull. Cal. Math. Soo., Vol. XIX, No. 4 (1928). 


А - 
* In virtue of Stirling's fomula, 
* 


cci ge NA _ 
Ni = vi (х) (144), where lim e0. ~ ~ 
i * ‚жоо ` ` 


r 





